
DUFKLZXP LQIRUPDW\NL
WHRUHW\F]QHM L VWRVRZDQHM

Wrp 46+5334, }15
ss <:0475

Irxqgdwlrqv ri txdqwxp frpsxwlqj1 Sduw L-
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Lqvwlwxwh ri Wkhruhwlfdo dqg Dssolhg Frpsxwhu Vflhqfh
Srolvk Dfdghp| ri Vflhqfhv

770433 Jolzlfh/ Ed­w|fnd 8/ Srodqg

Devwudfw= Wkh sdshu suhvhqwv ixqgdphqwdo surshuwlhv ri txdqwxp0phfkdqlfdo v|vwhpv
hvvhqwldo iru txdqwxp frpsxwdwlrqv1 Wkh iroorzlqj frqfhswv duh ghvfulehg lq ghwdlov= txelw/
vxshusrvlwlrq ri vwdwhv/ phdvxuhphqw/ hqwdqjohphqw/ txdqwxp jdwh/ txdqwxp flufxlw/ txdqwxp
lqirupdwlrq fkdqqho/ ghqvh frglqj/ dqg rwkhuv1 Wkh w|slfdo vlqjoh0txelw dqg wzr0txelw jdwhv duh
frqvlghuhg/ dv zhoo dv vlpsoh h{dpsohv ri txdqwxp flufxlwv1

41 Zk| txdqwxp frpsxwhuv B

Sk|vlfv dqg lqirupdwlrq wkhru| ghyhorshg doprvw lqghshqghqwo| rqh ri wkh rwkhu
xs wr ;3*wkv ri [[ fhqwxu|/ zlwk h{fhswlrq ri udwkhu pdujlqdo duhdv ri frpprq lq0
whuhvwv olnh= frqqhfwlrqv ehwzhhq hqwurs| dqg lqirupdwlrq lq sk|vlfv/ wkh sureohp
ri hqhuj| vshqw rq frpsxwdwlrq wrjhwkhu zlwk wkh uhodwhg sureohp ri uhyhuvleoh
frpsxwdwlrq/ dqg rwkhuv1 Rq wkh rwkhu kdqg/ lw vhhpv hylghqw qrz wkdw hyhu|
lqirupdwlrq0surfhvvlqj pdfklqh kdv wr eh d sk|vlfdo v|vwhp rshudwlqj dffruglqj
wr odzv ri sk|vlfv/ dqg wkdw hyhu| wlph hyroxwlrq ri d sk|vlfdo v|vwhp fdq eh frq0
vlghuhg dv dq lqirupdwlrq surfhvvlqj1 Dprqj sk|vlfdo v|vwhpv duh wkhvh zklfk/
olnh dwrpv dqg prohfxohv/ ehorqj wr wkh uhdop ri txdqwxp wkhru|/ vr txdqwxp
frpsxwhuv duh vlpso| k|srwkhwlfdo pdfklqhv wkdw xvh sulqflsohv ri txdqwxp ph0
fkdqlfv iru wkhlu edvlf rshudwlrqv1 Wkxv/ wkh lghd ri txdqwxp frpsxwhu dsshduv
wr eh d qdwxudo frqvhtxhqfh ri d wkhruhwlfdo uh hfwlrq1
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Dfwxdoo|/ wkh prvw hylghqw sudfwlfdo prwlydwlrq iru vwxg|lqj dqg ghyhorslqj
wkh lghd ri txdqwxp frpsxwdwlrq lv wkh whfkqrorjlfdo surjuhvv lq surgxflqj pl0
fursurfhvvruv1 Prghuq olwrjudsklf whfkqltxhv fdq gudz orjlf jdwhv ohvv wkdq d
plfurq
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rq wkh vxuidfh ri d vlolfrq fkls/ zkloh d w|slfdo vl}h ri dq dwrp

zrxog eh derxw 433�fp> rqh fdq h{shfw wkdw zh uhdfk wkh srlqw zkhuh orjlf jdwhv
zloo frqvlvw ri rqo| d ihz dwrpv hdfk1 Wkhq zh zrxog hqwhu wkh duhd jryhuqhg
e| wkh odzv ri txdqwxp phfkdqlfv1 Wkxv/ li frpsxwhuv duh wr frqwlqxh wr eh0
frph idvwhu/ dqg wkhuhiruh vpdoohu/ qhz txdqwxp whfkqrorj| pxvw uhsodfh zkdw
zh kdyh qrz1 Dqrwkhu lpsruwdqw prwlydwlrq frphv iurp wkh prghuq wkhru| ri
lqirupdwlrq surfhvvlqj lq olylqj v|vwhpv1

Dv wkh gdwh ri eluwk ri wkh txdqwxp frpsxwhu rqh fdq dvvxph |hdu 4<;8/
zkhq G1 Ghxwvfk sxeolvkhg klv vhplqdo sdshu ^5` rq txdqwxp frpsxwlqj/ dqg
vlpxowdqhrxvo| U1 S1 Ih|qpdq +d Qreho Sul}h zlqqhu, udlvhg vlplodu lghdv ^8`1
Lq 4<;< Ghxwvfk lqwurgxfhg d txdqwxp frpsxwlqj prgho wkdw pdgh ixoo xvh ri
txdqwxp vxshusrvlwlrqv 0 wkh txdqwxp jdwh duud| +fdoohg dovr wkh txdqwxp flu0
fxlw, ^6`1 Wkh Ghxwvfk prgho lv qrw wkh rqo| pdwkhpdwlfdo prgho iru txdqwxp
frpsxwdwlrq> lw lv wkh prvw srsxodu qrz ehfdxvh ri lwv vlpsolflw|1 Hvvhqwldoo|/
wkh Ghxwvfk prgho ghvfulehv txdqwxp uhjlvwhu dv d +txdqwxp, frpsrvlwh v|v0
whp frqvlvwlqj ri hohphqwdu| frpsrqhqwv fdoohg txelwv1 Txdqwxp jdwh duud|v
ehfdph vrrq dq remhfw ri h{whqvlyh vwxglhv/ qhyhuwkhohvv wkh lghd uhpdlqhg sxuh
vshfxodwlrq xqwlo 4<<7 zkhq Vkru lqyhqwhg wkh txdqwxp idfwrulqj dojrulwkp +vhh
^7` iru d uhylhz, 0 wkh glvfryhu| zklfk lqlwldwhg wkh uhfhqw dfwlylw| lq txdqwxp
frpsxwdwlrq uhvhdufk1

Zh h{sodlq khuh wkh edvlf frqfhswv ri txdqwxp frpsxwlqj olnh txelw/ vxshu0
srvlwlrq ri vwdwhv/ phdvxuhphqw/ wzr0txelw v|vwhp/ hqwdqjohphqw/ txdqwxp jdwh/
txdqwxp jdwh duud|/ txdqwxp lqirupdwlrq fkdqqho/ ghqvh frglqj/ hwf1 Wkh sdshu
grhv qrw qhhg dq| suholplqdu| nqrzohgjh ri txdqwxp phfkdqlfv/ lw vkrxog eh
frpsuhkhqvleoh wr d uhdghu idploldu zlwk frpsoh{ yhfwru vsdfhv dqg pdwulfhv1

51 Txelw

Wkh prvw vwulnlqj gl�huhqfh ehwzhhq fodvvlfdo dqg txdqwxp phfkdqlfv lv wkdw
wkh iruphu uhsuhvhqwv vwdwhv ri d shuwlqhqw sk|vlfdo remhfw e| srlqwv ri vrph vhw
+d skdvh vsdfh,/ zkhuhdv wkh odwwhu ghvfulehv wkhp dv yhfwruv ri d frpsoh{ olqhdu
vsdfh1 Wkxv/ vwdwhv ri d txdqwxp v|vwhp �duh� yhfwruv ri d vxlwdeoh frpsoh{
vsdfh= lq wkh jhqhudo fdvh wklv lv wkh devwudfw +lq�qlwho| glphqvlrqdo, Kloehuw
vsdfh1 Wkh olqhdu vwuxfwxuh ri wkh vsdfh ri vwdwhv ri d txdqwxp v|vwhp lv frp0
prqo| uhihuuhg wr dv wkh vxshusrvlwlrq sulqflsoh/ dqg frqvlghuhg wr eh rqh ri
wkh edvlf ihdwxuhv ri wkh wkhru|1 Lq idfw/ doo wkh shfxoldu ihdwxuhv ri txdqwxp
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phfkdqlfv uhvxow iurp wkh vxshusrvlwlrq sulqflsoh1
Lw vkrxog eh vwuhvvhg wkdw wkh qxphurxv shfxoldulwlhv dqg �sdudgr{hv� ri wkh

txdqwxp phfkdqlfdo zruog gr qrw lqglfdwh wkdw wkh wkhru| lwvhoi lv zurqj ru lq0
frpsohwh1 Txdqwxp phfkdqlfv lv wkh juhdwhvw dfklyhphqw ri vflhqfh ri wkh odvw
fhqwxu|/ lw od|v irxqgdwlrqv iru doo wkh prghuq sk|vlfv/ zkloh lwv suhglfwlrqv duh
frq�uphg e| qxphurxv h{shulphqwv zlwk dq dvwrqlvklqj dffxudf|1 Wkh frxqwhu0
lqwxlwlyh fkdudfwhu ri txdqwxp phfkdqlfv vkrxog eh vhhq dv d uhvxow ri wkh idfw
wkdw zh kdyh qr gluhfw lqvljkw lqwr wkh duhd ri uhdolw| wkh wkhru| uhihuv wr1

5141 Vwdwh vsdfh

Txelw lv wkh vlpsohvw txdqwxp v|vwhp> lwv vwdwhv duh yhfwruv ri 50glphqvlrqdo
frpsoh{ olqhdu vsdfh/ vr wkh yhfwruv ri F2= Vwulfwo| vshdnlqj/ hyhu| txdqwxp ph0
fkdqlfdo sk|vlfdo v|vwhp qhhgv iru lwv ixoo ghvfulswlrq wkh lq�qlwho| glphqvlrqdo
Kloehuw vsdfh1 Lw lv ihdvleoh/ krzhyhu/ wkdw zh duh lqwhuhvwhg rqo| lq vrph sduwlf0
xodu surshuwlhv ri wkh txdqwxp sk|vlfdo remhfw> lq vxfk d fdvh d �vpdoohu� yhfwru
vsdfh fdq eh vx!flhqw1 Wkhuh duh ydulrxv sk|vlfdo surshuwlhv zklfk txdqwxp
phfkdqlfv ghvfulehv e| phdqv ri wkh 50glphqvlrqdo vsdfh F2> wkh prvw srsxodu
rqh lv fdoohg vslq �

2 = Khqfh txelwv duh riwhq fdoohg �vslqv� ru �vslq0kdoi v|vwhpv�1
Wkh fdqrqlfdo edvh ri wkh olqhdu vsdfh F2 frqvlvwv ri wkh wzr ruwkrjrqdo yhfwruv�

4
3

�
dqg

�
3
4

�
> txdqwxp phfkdqlfv wudglwlrqdoo| dssolhv wkh vr0fdoohg eud dqg

nhw qrwdwlrq/ vr wkh wzr yhfwruv zloo eh ghqrwhg m3l dqg m4l uhvshfwlyho|1 Fohduo|/
dq| yhfwru myl ri F2 lv d olqhdu vxshusrvlwlrq ri wkh edvh yhfwruv m3l dqg m4l =

myl @ yf m3l . y� m4l >

vr lv uhsuhvhqwhg e| wkh sdlu ri lwv frpsrqhqwv duudqjhg lqwr wkh froxpq
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Wkh lqqhu surgxfw ri wzr yhfwruv myl dqg mzl lv ghqrwhg kym zl > dqg gh�qhg e|
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zkhuh vwdu phdqv frpsoh{ frqmxjdwlrq1 Khqfh/ frh!flhqwv ri wkh ghfrpsrvlwlrq
myl @ yf m3l . y� m4l duh lqqhu surgxfwv=

yf @ k3m yl > y� @ k4m yl =

Yhfwruv ri F2 fdq uhsuhvhqw/ dffruglqj wr jhqhudo uxohv ri txdqwxp phfkdqlfv/
vwdwhv ri wkh txdqwxp remhfw1 +Vwdwhv dqg wkh fruuhvsrqglqj yhfwruv duh lghq0
wl�hg1, Dffruglqjo|/ wkh wzr0glphqvlrqdo frpsoh{ olqhdu vsdfh F2 lv fdoohg wkh
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vwdwh vsdfh ri wkh txelw1 Wkh wzr0glphqvlrqdolw| ri wkh vwdwh vsdfh ri txelw pdnhv
vrph dxwkruv wr fdoo txelw d �wzr0vwdwh txdqwxp v|vwhp�1

Zh zloo qhhg dovr wkh frqfhsw ri dq rshudwru rq F2= Dq rshudwru rq F2 +lq
idfw/ d olqhdu rshudwru, lv d olqhdu pds eR = F2 $ F2= Dq| frpsoh{ 5 � 5 pdwul{
fP gh�qhv dq rshudwru rq F2 = dq duelwudu| yhfwru myl 5 F2 lv wudqviruphg lqwr

fP myl @
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Wkh pdwul{ hohphqwv ri fP fdq eh h{suhvvhg dv=

Pff @ k3m fP m3l > Pf� @ k3m fP m4l > hwf=

Li zh �{ wkh fdqrqlfdo edvh/ zh gr qrw qhhg wr glvwlqjxlvk ehwzhhq rshudwruv rq
F2 dqg frpsoh{ 5 � 5 pdwulfhv1

Wkh eud0nhw qrwdwlrq surylghv d frqyhqlhqw ghvfulswlrq iru vrph rshudwruv=
wkh v|pero mxl kym lv xqghuvwrrg dv wkh rshudwru dfwlqj rq dq duelwudu| yhfwru mzl
lq wkh iroorzlqj zd|=

mxl kym mzl =@ ky mzl mxl =

Lw lv hdv| wr �qg wkdw wkh rshudwru myl kym iru d qrupdol}hg yhfwru myl lv vlpso|
wkh ruwkrjrqdo surmhfwlrq rqwr wkh rqh0glphqvlrqdo vxevsdfh ghwhuplqhg e| myl =

Lq sduwlfxodu=

m3l k3m @
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5151 Revhuydeohv ri d txelw

H{shulphqwdoo| phdvxudeoh surshuwlhv ri d txdqwxp0phfkdqlfdo remhfw duh wudgl0
wlrqdoo| fdoohg revhuydeohv1 Lq wkh frqvlghuhg fdvh ri d txelw wkh| duh uhsuhvhqwhg
e| vhoi0dgmrlqw rshudwruv rq wkh vwdwh vsdfh F2> l1h1 e| 5 � 5 frpsoh{ vhoi0dgmrlqw
pdwulfhv1 Dq rshudwru

eT @

�
Tff Tf�

T�f T��

�

lv fdoohg vhoi0dgmrlqw li lw vdwlv�hv wkh frqglwlrq=

eT @ eTW >
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ru htxlydohqwo|/ li=

TW
ff @ Tff>

TW
�� @ T��>

TW
f� @ T�f=

Qrwlfh wkdw TW
ff lv wkh frpsoh{ frqmxjdwh ri wkh frpsoh{ qxpehu Tff> zkloh eTW

lv wkh pdwul{ dgmrlqw wr eT +l1h1 wudqvsrvhg dqg frpsoh{ frqmxjdwhg,1 Sk|vl0
flvwv djuhh wkdw dq| vhoi0dgmrlqw rshudwru rq F2 uhsuhvhqwv d phdvxudeoh sk|vlfdo
surshuw| ri wkh txelw1

Fuxfldo iru wkh sk|vlfdo lqwhusuhwdwlrq ri vhoi0dgmrlqw rshudwruv duh wkhlu hljhq0
yhfwruv dqg hljhqydoxhv1 D yhfwru mzl ri F2 lv dq hljhqyhfwru ri d vhoi0dgmrlqw
rshudwru eT li lw vdwlv�hv wkh htxdwlrq

eT mzl @ t mzl

iru dq dssursuldwh qxpehu t> zklfk lv fdoohg dq hljhqydoxh ri eT fruuhvsrqglqj wr
wkh hljhqyhfwru mzl = Lw lv d frpprq frqyhqwlrq wkdw dq hljhqyhfwru fruuhvsrqglqj
wr wkh hljhqydoxh t lv ghqrwhg mtl / vr wkh odvw htxdwlrq vkrxog kdyh wkh irup=

eT mtl @ t mtl

Lw lv hdv| wr fkhfn wkdw d vhoi0dgmrlqw pdwul{ 5 � 5 dozd|v kdv wzr hljhqydoxhv
+zklfk frxog eh htxdo,1

Lw vkrxog eh vwuhvvhg wkdw hljhqydoxhv ri d vhoi0dgmrlqw rshudwru duh dozd|v
uhdo qxpehuv1 Hljhqyhfwruv fruuhvsrqglqj wr gl�huhqw hljhqydoxhv kdyh wr eh
ruwkrjrqdo=

t� 9@ t2 , kt�m t2l @ 3=

Li t� @ t2 @ t> wkhq eT lv sursruwlrqdo wr wkh lghqwlw| rshudwru +wkh xqlw pdwul{,=

eT @ t

�
4 3
3 4

�
@ te4>

vr hyhu| yhfwru ri F2 lv dq hljhqyhfwru ri vxfk d sduwlfxodu rshudwru> wkhq rqh
vd|v wkdw wkh hljhqydoxh t lv ghjhqhudwh1

Wkh phqwlrqhg deryh surmhfwlrq rshudwru myl kym lv vhoi0dgmrlqw1 Lwv hljhqydoxhv
duh 3 dqg 4> wkh hljhqyhfwru fruuhvsrqglqj wr 4 lv mxvw myl =
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5161 Wkh plqlpdo lqwhusuhwdwlrq

Wkh frqqhfwlrq ehwzhhq wkh devwudfw dojheud ri rshudwruv dqg yhfwruv/ dqg uhvxowv
ri sk|vlfdo h{shulphqwv lv surylghg e| wkh iroorzlqj uxoh +zklfk lv d vlqjoh0txelw
yhuvlrq ri wkh vr fdoohg plqlpdo lqwhusuhwdwlrq ri txdqwxp phfkdqlfv,=

Jlyhq d yhfwru myl 5 F2 zklfk uhsuhvhqwv d vwdwh ri d txelw/ dqg d vhoi0dgmrlqw
rshudwru eT uhsuhvhqwlqj d sk|vlfdo txdqwlw| +dq revhuydeoh, uhohydqw wr wkh txelw1
Hljhqydoxhv t�> t2 ri eT duh wkh ydoxhv ri wkh sk|vlfdo txdqwlw|/ zkloh mkt�m ylm2
dqg mkt2m ylm2 / zkhuh mt�l > mt2l duh wkh hljhqyhfwruv fruuhvsrqglqj wr t�> t2> duh
suredelolwlhv iru rxwfrphv t�> t2 wr rffxu li d phdvxuhphqw ri wkh revhuydeoh eT
lv shuiruphg rq wkh remhfw lq wkh vwdwh myl =

Wkh plqlpdo lqwhusuhwdwlrq kdv surirxqg frqvhtxhqfhv1 Suredelolwlhv lq sk|vlfv
hphujh dv olplwv ri uhodwlyh iuhtxhqflhv ri uhvxowv ri vlqjoh wuldov1 Wkxv/ wkh| duh
wr eh fdofxodwhg iurp d orqj vhulhv ri vxfk vlqjoh wuldov/ zklfk frqvwlwxwhv wkh
surshu phdvxuhphqw ri wkh sk|vlfdo txdqwlw| lq txhvwlrq1 Rqh vkrxog eh dzduh
wkdw wkh wzr frqfhswv=

0 d vlqjoh dfw ri phdvxuhphqw +d wuldo, zklfk uhvxowv udqgrpo| lq rqh ri hljhq0
ydoxhv/ dqg

0 d surshu phdvxuhphqw +d orqj vhulhv ri vlqjoh wuldov, zklfk surylghv sured0
elolwlhv ri rewdlqlqj wkh sduwlfxodu hljhqydoxhv/

duh riwhq pl{hg wrjhwkhu dqg 2 ru plvlqwhusuhwhg1

Wkxv/ d phdvxuhphqw ri wkh revhuydeoh eT> shuiruphg rq wkh remhfw lq wkh
vwdwh myl frqvlvwv ri d orqj vhulhv +d orqj uxq, ri vlqjoh dfwv ri phdvxuhphqw
+wuldov,1 Hyhu| vlqjoh wuldo vkrxog uhvxow lq rqh ri wkh hljhqydoxhv ri eT> ehfdxvh
wkh hljhqydoxhv ri eT duh wkh ydoxhv wkh sk|vlfdo txdqwlw| +uhsuhvhqwhg e| eT,
fdq kdyh> wkhuhiruh d txdqwxp remhfw ghvfulehg lq F2 +d txelw, fdq kdyh rqo|
wzr0ydoxhg sk|vlfdo surshuwlhv1

Wkh rxwfrphv ri vlqjoh wuldov dsshdu dw udqgrp1 Li wkh wzr hljhqydoxhv ri
eT duh glvwlqfw/ t� 9@ t2> wkhq wkh suredelolw| ri rewdlqlqj t� lq d vlqjoh wuldo lv
mkt�m ylm2 / l @ 4> 51 Lw fdq kdsshq wkdw wkh suh0phdvxuhphqw vwdwh myl lv mxvw rqh
ri wkh hljhqvwdwhv ri wkh phdvxuhg revhuydeoh/ vd| mt�l = Wkhq wkh uhvxowv ri vlqjoh
wuldov duh dozd|v t�> ehfdxvh kt�m t�l @ 4 dqg kt2m t�l @ 3=

5171 Suredelolwlhv

Wkh lqwhusuhwdwlrq ri qxpehuv mkt�m ylm2 dv suredelolwlhv lv srvvleoh rqo| li wkh|
vdwlvi| wkh frqglwlrq

mkt�m ylm2 . mkt2m ylm2 @ 4=
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D ydolglw| ri wklv frqglwlrq lv dvvxuhg lq txdqwxp phfkdqlfv e| wkh vshfldo dv0
vxpswlrq ri qrupdol}dwlrq/ zklfk iru d txelw kdv wkh irup= d yhfwru myl uhsuhvhqwv
d vwdwh li lw vdwlv�hv wkh qrupdol}dwlrq frqglwlrq=

mkym ylm2 @ 4>

ru lq wkh h{solflw irup=
my�m2 . my2m2 @ 4=

Yhfwruv vdwlvi|lqj wkh qrupdol}dwlrq frqglwlrq duh fdoohg qrupdol}hg1
Wkxv/ wkh qxpehuv mkt�m ylm2 > mkt2m ylm2 zrxog eh fruuhfw suredelolwlhv li wkh

wzr hljhqyhfwruv mt�l/ mt2l > dqg wkh yhfwru myl duh qrupdol}hg1 Hyhu| qrq0}hur
yhfwru fdq eh wudqviruphg lqwr d qrupdol}hg rqh vlpso| e| pxowlso|lqj lw e| dq
dssursuldwh frpsoh{ qxpehu1 Vlqfh qrz rq/ doo wkh yhfwruv frqvlghuhg zloo eh
dvvxphg qrupdol}hg1 Wkh lqqhu surgxfwv kt�m yl > kt2m yl duh fdoohg suredelolw|

dpsolwxghv/ ehfdxvh wkhlu uhodwlrq wr suredelolwlhv mkt�m ylm2 > mkt2m ylm2 uhvhpeohv
wkh uhodwlrq ehwzhhq Vfkuùglqjhu zdyh ixqfwlrq dqg wkh fruuhvsrqglqj suredelolw|
ghqvlw|1

Wkh phdq ydoxh +wkh h{shfwdwlrq, ri wkh revhuydeoh eT lv gh�qhg e|=

G
eT

H
=@ t� mkt�m ylm2 . t2 mkt2m ylm2 =

Wkh phdq ydoxh fdq eh dovr fdofxodwhg lq dqrwkhu zd|=

G
eT

H
@ kym eT myl =@
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5181 Vwdwhv dqg hqvhpeohv

Uhfdoo wkdw wkh plqlpdo lqwhusuhwdwlrq lpsolhv wkh iroorzlqj slfwxuh ri txdqwxp
phdvxuhphqw= d phdvxuhphqw ri wkh revhuydeoh eT> shuiruphg rq wkh remhfw lq wkh
vwdwh myl frqvlvwv ri d orqj vhulhv ri vlqjoh dfwv ri phdvxuhphqw +wuldov,1 D vkruw
frqvlghudwlrq vkrzv wkdw wklv vkrxog dovr lpso| d vshfl�f frqfhsw ri txdqwxp
vwdwh1

Lq rughu wr h{hfxwh d orqj vhulhv ri vlqjoh dfwv ri phdvxuhphqw/ zh vkrxog kdyh
dq dssursuldwh froohfwlrq ri vlqjoh vdpsohv ri wkh txdqwxp remhfw xqghu lqyhvwl0
jdwlrq> wkh vdpsohv +frslhv, vkrxog eh pxwxdoo| lqghshqghqw rqh ri wkh rwkhu dqg
doo suhsduhg lq wkh vdph pdqqhu11 Vxfk d froohfwlrq lv fdoohg lq sk|vlfv d vwdwlv0
wlfdo hqvhpeoh1 Wkxv/ d vwdwh ri d txdqwxp remhfw lv suhvhqw lq dq| phdvxuhphqw
dv d vwdwlvwlfdo hqvhpeoh ri lghqwlfdoo| suhsduhg dqg pxwxdoo| lqghshqghqw frslhv1
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Wklv ohdgv wr dq lghqwl�fdwlrq ri vwdwhv dqg hqvhpeohv= txdqwxp vwdwh fdq eh xq0
ghuvwrrg mxvw dv d vwdwlvwlfdo hqvhpeoh1 Wklv hqvhpeoh lqwhusuhwdwlrq ri txdqwxp
vwdwhv/ zklfk vhhpv wr eh d gluhfw frqvhtxhqfh ri wkh plqlpdo lqwhusuhwdwlrq/ zloo
eh dvvxphg iurp qrz rq1

Fohduo|/ doo vlqjoh frslhv ehorqjlqj wr wkh vdph hqvhpeoh �duh� lq wkh vdph
vwdwh1 Wkxv/ li zh vd| wkdw d vlqjoh frs| ri d txdqwxp remhfw �lv� lq vrph
vwdwh/ zh phdq wkdw wklv frs| lv/ ru fdq eh d phphehu ri d vwdwlvwlfdo hqvhpeoh
fruuhvsrqglqj wr wklv vwdwh1

5191 Srvw0phdvxuhphqw vwdwhv

Wkxv/ d phdvxuhphqw ri dq revhuydeoh eT / shuiruphg rq wkh vslq0kdoi remhfw lq
d vwdwh myl surylghv wkh wzr suredelolwlhv mkt�m ylm2 > mkt2m ylm2 zklfk whoo xv krz
riwhq wkh ydoxhv t�> t2 dsshdu lq vlqjoh wuldov1 Zkdw kdsshqv wkhq wr wkh ruljlqdo
vslq0kdoi remhfw B

W|slfdoo|/ wkh suh0phdvxuhphqw hqvhpeoh lv ghvwur|hg gxulqj wkh surfhvv ri
phdvxuhphqw/ vr wkdw doo lwv vlqjoh phpehuv duh devruehg ru vfdwwhuhg0r� e| wkh
phdvxulqj dssdudwxv lq dq xqfrqwuroohg zd|1 Krzhyhu/ wkh prvw srsxodu irupdo
prgho ri wkh surfhvv ri phdvxuhphqw/ sursrvhg e| M1 yrq Qhxpdqq lq 4<65 ^9`/
dvvxphv wkdw doo phpehuv ri wkh suh0phdvxuhphqw hqvhpeoh vxuylyh wkh lqwhudf0
wlrq zlwk wkh phdvxulqj dssdudwxv1 Lq wkh yrq Qhxpdqq phdvxuhphqw +fdoohg
dovr wkh vwdqgdug phdvxuhphqw,/ doo vlqjoh frslhv ri wkh txdqwxp remhfw zklfk
irup wkh suh0phdvxuhphqw vwdwlvwlfdo hqvhpeoh duh wudqviruphg udqgrpo| iurp
wkh ruljlqdo vwdwh myl lqwr rqh ri wkh wzr hljhq0vwdwhv mt�l ru mt2l > zlwk sure0
delolw| mkt�m ylm2 ru mkt2m ylm2 uhvshfwlyho|1 Wklv lv wkh uhdvrq zk| wkh qxpehuv
mkt�m ylm2/ mkt2m ylm2 duh riwhq fdoohg wudqvlwlrq suredelolwlhv1 Qrwlfh wkdw lq wkh
fdvh ri myl @ mt�l > wkh srvw0phdvxuhphqw vwdwh lq wkh yrq Qhxpdqq0w|sh phd0
vxuhphqw lv djdlq mt�l > wklv revhuydwlrq zloo dsshdu hvvhqwldo ehorz1 Lq wkh fdvh
ri ghjhqhudf| t� @ t2> wkh yrq Qhxpdqq phdvxuhphqw grhv qrw fkdqjh myl =

Wkxv/ wkh yrq Qhxpdqq phdvxuhphqw zrxog lq jhqhudo wudqvirup wkh suh0
phdvxuhphqw vwdwh myl lqwr wkh vwdwlvwlfdo pl{wxuh ri wkh wzr hljhqvwdwhv zlwk
suredelolwlhv mkt�m ylm2 dqg mkt2m ylm2 > vwdwlvwlfdo pl{wxuhv ri vwdwhv olnh wkdw duh
fdoohg pl{hg vwdwhv1 Rqh vkrxog eh dzduh wkdw wkh yrq Qhxpdqq prgho lv riwhq
frqvlghuhg lq dq h{djjhudwhg pdqqhu dv d sdudgljp iru dq| txdqwxp phdvxuh0
phqw> lq idfw lw lv phuho| d kljko| lghdol}hg irupdo prgho dssolfdeoh wr phdvxuh0
phqwv ri d yhu| vshfldo nlqg1
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51:1 Vxshusrvlwlrqv dqg suredelolw| dpsolwxghv

Qrwlfh/ wkdw wkh wzr ruwkrjrqdo dqg qrupdol}hg hljhqvwdwhv mt�l dqg mt2l ri d
vhoi0dgmrlqw rshudwru eT irup d qhz edvh lq F2= Dq| +qrupdol}hg, yhfwru myl gh0
frpsrvhv wkhq lqwr wkh vxshusrvlwlrq +wkh olqhdu frpelqdwlrq, ri mt�l dqg mt2l =

myl @ }� mt�l . }2 mt2l >

lw lv hdv| wr �qg wkdw wkh frh!flhqwv ri wkh vxshusrvlwlrq duh suredelolw| dpsol0
wxghv=

}� @ kt�m yl > }2 @ kt2m yl >

wkxv wkhlu vtxduh prgxoxvhv duh htxdo wr wudqvlwlrq suredelolwlhv1 Wklv vxjjhvwv d
frqqhfwlrq zlwk wkh yrq Qhxpdqq phdvxuhphqw/ dqg lv wkh vrxufh ri wkh srsxodu
lqwhusuhwdwlrq ri wkh vxshusrvlwlrq= wkh txdqwxp remhfw lq wkh vwdwh

myl @ kt�m yl mt�l . kt2m yl mt2l

lv wrog wr eh �lq mt�l dqg lq mt2l dw wkh vdph wlph�/ zkdw lv rqh ri vr fdoohg �zhlug�
ihdwxuhv ri txdqwxp remhfwv1

Rxu glvfxvvlrq lqglfdwhv wkdw wkh phqwlrqhg lqwhusuhwdwlrq lv xqirxqghg1
Zkdw zh duh doorzhg wr vd| lv phuho| wklv= li wkh txelw zrxog eh lq wkh vwdwhmyl
zklfk lv d vxshusrvlwlrq ri hljhqvwdwhv mt�l /mt2l ri dq revhuydeoh eT / dqg zh
zrxog shuirup d yrq Qhxpdqq0w|sh phdvxuhphqw ri eT> wkhq vlqjoh vdpsohv zrxog
ohdyh wkh phdvxulqj dssdudwxv udqgrpo| lq vwdwhv mt�l ru mt2l zlwk suredelolwlhv
mkt�m ylm2 > mkt2m ylm2 uhvshfwlyho|1 Lw lv qdwxudo wr frqvlghu wkh phdvxuhphqw lqwhu0
dfwlrq dv wkh sk|vlfdo fdxvh ri wkh wudqvlwlrq iurp myl wr wkh vwdwlvwlfdo pl{wxuh ri
mt�l dqg mt2l > vr wkhuh lv qr uhdvrq wr fodlp wkdw wkh txelw sulru wr d yrq Qhxpdqq
phdvxuhphqw ri eT �zdv� lq wkh wzr vwdwhv mt�l dqg mt2l vlpxowdqhrxvo|1

51;1 Vrph vlpsoh revhuydeohv ri d vslq0kdoi v|vwhp

Zh zloo looxvwudwh wkh lqwurgxfhg frqfhswv rq wkh edvlf revhuydeohv ri d vslq0kdoi
remhfw1

Wkh wzr edvh yhfwruv m3l > m4l fdq eh frqvlghuhg dv wkh wzr hljhqyhfwruv ri
vrph revhuydeoh1 D sk|vlfdoo| phdqlqjixo fkrlfh lv wkh rshudwru

eV5 @
4

5

�
4 3
3 �4

�

+zh wdnh/ iru wkh vdnh ri vlpsolflw|/ wkh Sodqfn frqvwdqw { @ 4,/ wkh sk|vlfdo
txdqwlw| uhsuhvhqwhg e| eV5 lv fdoohg wkh }0wk frpsrqhqw ri wkh vslq kdoi1 Qrz/
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m3l lv wkh hljhqvwdwh ri eV5 fruuhvsrqglqj wr wkh hljhqydoxh �
2 > zkloh m4l lv wkh

hljhqvwdwh ri eV5 fruuhvsrqglqj wr wkh hljhqydoxh ��
2 = Khqfh/ li zh zrxog phdvxuh

wkh }0wk frpsrqhqw ri wkh vslq kdoi rq wkh remhfw suhsduhg lq wkh vwdwh m3l > zh
zrxog jhw wkh �qdo suredelolw| glvwulexwlrq frqfhqwudwhg dw �

2 = Wklv h{sodlqv zk|
sk|vlflvwv fdoo m3l wkh vslq0xs vwdwh/ iru vlplodu uhdvrq m4l lv fdoohg wkh vslq0grzq
vwdwh1

Qrwlfh wkdw wkh txdqwxp revhuydeoh eV5 htxdov +xs wr d idfwru, wkh wklug rqh
ri wkh Sdxol pdwulfhv=

e�% =@

�
3 4
4 3

�
> e�+ =@

�
3 �l

l 3

�
> e�5 =@

�
4 3
3 �4

�
> e4 @

�
4 3
3 4

�
=

Sdxol pdwulfhv e�%/ e�+ uhsuhvhqw rwkhu frpsrqhqwv ri vslq kdoi=

eV% @
4

5

�
3 4
4 3

�
> eV+ @

4

5

�
3 �l

l 3

�
=

Dq lpphgldwh fdofxodwlrq vkrzv wkdw

m3%l =@
4s
5

+m3l . m4l, > m4%l =@
4s
5

+m3l � m4l,

duh hljhqvwdwhv ri eV% fruuhvsrqglqj wr hljhq0ydoxhv �
2 dqg ��

2 uhvshfwlyho|1

Phdq ydoxhv ri eV% dqg ri eV+ lq wkh vwdwh m3l duh=

k3m eV% m3l @ 3> k3m eV+ m3l @ 3>

lq d ixoo djuhhphqw zlwk rxu �pdfurvfrslf� lqwxlwlrq h{suhvvhg lq wkh whup �wkh
vslq0xs vwdwh�1 Qhyhuwkhohvv/ zh vkrxog eh dzduh wkdw xqghu d phdvxuhphqw ri/
vd| wkh {0wk frpsrqhqw ri vslq rq wkh vwdwh m3l > rxwfrphv ri doo vlqjoh wuldov duh
�
2 ru ��

2 > zkdw kdv qr vdwlvidfwru| �pdfurvfrslf� lqwhusuhwdwlrq1
Iru d jhqhudo vslq0kdoi vwdwh myl > wkh yrq Qhxpdqq phdvxuhphqw ri wkh }0wk

frpsrqhqw ri vslq0kdoi uhvxowv lq wkh suredelolw| glvwulexwlrq rq wkh wzr0hohphqw
vhw

�
�
2 > � �

2

�
ri hljhqydoxhv ri eV5= wkh suredelolw| ri rxwfrph �

2 ri d vlqjoh wuldo

lv myfm2 > zkloh wkh suredelolw| ri � �
2 lv my�m2 = Wkh �qdo vwdwh ri wkh vslq0kdoi

remhfw zrxog eh wkhq wkh vwdwlvwlfdo pl{wxuh ri vslq0xs dqg vslq0grzq vwdwhv
zlwk vwdwlvwlfdo zhljkwv myfm2 dqg my�m2 uhvshfwlyho|1

51<1 Vlqjoh0txelw lqirupdwlrq fkdqqho

Khuh zh phhw iru wkh �uvw wlph Dolfh dqg Ere 0 ehoryhg/ wkrxjk hqljpdwlf/ khurhv
ri wkh txdqwxp0frpsxwhu iron1 Dolfh*v qhyhu0hqglqj lqjhqlrxv dwwhpswv wr vhqg
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d phvvdjh wr Ere/ dq lqghidwljdeoh vwuxjjoh ri Dolfh dqg Ere djdlqvw d fudiw|
hqhp| Hyh/ Dolfh*v vhfuhw vkdulqj zlwk Ere dqg klv |rxqj iulhqg Fkduolh 0 doo
wkdw/ dqg pdq| rwkhu lv fduhixoo| dqg lq ghwdlov ghvfulehg lq kxqguhgv ri uhvhdufk
sdshuv rq txdqwxp lqirupdwlrq surfhvvlqj1 Doprvw hyhu| gd| eulqjv qhz uhsruwv
rq wkhlu grlqjv1 Rqh ri wkh vlpsohvw vwrulhvw wr whoo derxw wkhp lv wkh iroorzlqj1

Vxssrvh wkdw Dolfh zdqwv wr vhqg d rqh0elw phvvdjh wr Ere/ dqg wkdw vkh
suhihuv wr gr wkdw lq d txdqwxp zd|1 Lq rughu wr shuirup vxffhvvixoo| wkdw
wdvn/ Dolfh vkrxog eh frqqhfwhg wr Ere e| d +qrlvhohvv, txdqwxp lqirupdwlrq

fkdqqho/ zklfk 0 olnh dq| fodvvlfdo lqirupdwlrq fkdqqho 0 vkrxog frqwdlq wkuhh
pdlq sduwv= wkh hqfrglqj dssdudwxv/ wkh wudqvplwwlqj ghylfh +wkh wudqvplvvlrq
fkdqqho surshu,/ dqg wkh ghfrglqj dssdudwxv1

D w|slfdo lpsohphqwdwlrq ri d txdqwxp lqirupdwlrq fkdqqho zrxog eh dv
iroorzv1 Dolfh vkrxog kdyh wr khu glvsrvdo d vwdwh0suhsdulqj dssdudwxv/ zklfk
surgxfhv m3l li vkh zdqwv wr vhqg 3> dqg m4l li vkh zdqwv wr vhqg 4= Wkxv/ vkh
hqfrghv khu rqh0elw phvvdjh e| phdqv ri wzr vwdwhv ri wkh fdqrqlfdo edvh ri d
txelw= Wkhq vkh vhqgv wkh txelw lq wkh vxlwdeoh vwdwh wr Ere wkurxjk wkh fkdqqho>
lw lv dvvxphg wkdw wkh vwdwh ri wkh txelw grhv qrw fkdqjh gxulqj wkh wudqvplvvlrq1
Ere/ zkr lv htxlsshg zlwk dq dssdudwxv phdvxulqj wkh revhuydeoh eV5 lq wkh yrq
Qhxpdqq zd|/ shuirupv d phdvxuhphqw ri eV5 rq wkh uhfhlyhg txelw dqg �qgv lwv
vwdwh1 Nqrzlqj wkh vwdwh suhsduhg e| Dolfh/ Ere �qdoo| ghfrghv wkh phvvdjh1

Rxu suhylrxv glvfxvvlrq lqglfdwhv wkdw d phdvxuhphqw kdv wr eh shuiruphg
rq d vwdwlvwlfdo hqhvpeoh ri lghqwlfdoo| suhsduhg txelwv1 Khqfh/ Dolfh vkrxog
dssduhqwo| vhqg d odujh qxpehu ri txelwv wr pdnh Ere*v phdvxuhphqw srvvleoh1
Krzhyhu/ lq wkh frqvlghg fdvh/ mxvw rqh txelw lv hqrxjk= d vlqjoh wuldo ri wkh
eV50phdvxuhphqw vx!fhv wr glvwljxlvk ehwzhhq m3l dqg m4l =

Wkh ghvfulehg �vlqjoh0txelw fkdqqho� lv phuho| dq dfdghplf h{dpsoh1 Lq idfw/
Dolfh jdlqhg qrwklqj e| xvlqj wkh txdqwxp fkdqqho lqvwhdg ri d fodvvlfdo rqh= vkh
vhqgv rqh fodvvlfdo elw ri lqirupdwlrq zlwk hdfk txelw1 Zh zloo vhh lq Vxevhfwlrq
6147 ehorz wkdw hqwdqjohphqw pdnhv lw srvvleoh wr vhqg wzr elwv ri lqirupdwlrq
wkurxjk d vlqjoh0txelw fkdqqho1

51431 Wlph hyroxwlrq ri d txelw

Wkh wlph hyroxwlrq ri d txdqwxp remhfw +vr dovr ri d txelw, lv ghvfulehg e|

d g|qdplfdo jurxs/ l1h1 e| d idplo|
q

eX| mw 5 U

r
ri xqlwdu| rshudwruv rq F2

vdwlvi|lqj wkh jurxs frqglwlrqv=

eX|�

eX|2
@ eX|�n|2

> eXf @ e4 >

iru hdfk w�> w2 5 U1
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Dq rshudwru

eX @

�
Xff Xf�

X�f X��

�

lv fdoohg xqlwdu| li lw vdwlv�hv wkh frqglwlrq=

eX eXW @ e4>

ru htxlydohqwo|/ li=

mXffm2 . mXf�m2 @ 4>

mX��m2 . mX�fm2 @ 4>

XffXW
�f . Xf�XW

�� @ 3=

Wkxv/ d 5 � 5 pdwul{ lv xqlwdu| li lwv urzv +ru froxpqv, fdq eh frqvlghuhg dv
qrupdol}hg pxwxdoo| ruwkrjrqdo yhfwruv ri F2 +wkh vdph dssolhv wr pdwulfhv q�q,1
Fuxfldo iru wkh sk|vlfdo lqwhusuhwdwlrq lv wkdw d xqlwdu| rshudwru suhvhuyhv wkh
lqqhu surgxfw= iru dq| wzr yhfwruv myl > mzl > dqg dq| xqlwdu| rshudwru eX zh kdyh

kym zl @
G

eXy
��� eXz

H
=

Wklv lpsolhv wkdw wkh xqlwdu| rshudwru eX kdv wr eh rqh0wr0rqh/ dqg wkdw lw grhv
qrw fkdqjh wkh qrup ri yhfwruv +vr wudqvirupv vwdwhv lqwr vwdwhv,1

Wkh g|qdplfdo jurxs
q

eX| mw 5 U

r
ri d txdqwxp remhfw uhsuhvhqwv d sduwlfxodu

zd| ri wlph hyroxwlrq1 Wklv phdqv wkdw li myl lv wkh vwdwh ri wkh remhfw dw wlph
3> wkhq eX| myl lv wkh vwdwh ri wkh remhfw dw wlph w= Wkh wudglwlrqdo ghvfulswlrq e|
phdqv ri wkh Vfkuùglqjhu htxdwlrq lv frpsohwho| htxlydohqw wr wkh rqh surylghg
e| d g|qdplfdo jurxs1 Wkh iruphu lv wkh gl�huhqwldo irup/ zkloh wkh odwwhu 0 wkh
lqwhjudwhg irup ri wkh vdph wlph hyroxwlrq1

Lw vkrxog eh vwuhvvhg wkdw wkh xqlwdu| wlph hyroxwlrq ri d txdqwxp remhfw/
uhsuhvhqwhg e| d g|qdplfdo jurxs ru e| wkh htxlydohqw Vfkuùglqjhu htxdwlrq/
fdq eh shuiruphg e| txdqwxp remhfwv zklfk duh hlwkhu frpsohwho| lvrodwhg ru
lq xhqfhg iurp rxwvlgh lq d yhu| vshfldo zd|> vxfk txdqwxp remhfwv duh fdoohg
uhodwlyho| lvrodwhg/ ru frqvhuydwlyh1 Lq d jhqhudo fdvh/ wkhuh lv qr Vfkuùglqjhu
htxdwlrq qru d g|qdplfdo jurxs1 Wkh wlph hyroxwlrq ri d txdqwxp remhfw frxsohg
wr lwv vxuurxqglqjv lv jryhuqhg e| pruh jhqhudo odzv ri uhgxfhg g|qdplfv> dq
h{dpsoh ri vxfk d wlph hyroxwlrq lv wkh wudqvirupdwlrq ri d suh0phdvxuhphqw
vwdwh lqwr wkh srvw0phdvxuhphqw rqh fdxvhg e| d yrq Qhxpdqq phdvxuhphqw
+wkh phdvxulqj dssdudwxv lv wkhuh wkh vruurxqglqjv,1
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51441 Vlqjoh txelw jdwhv

Wkh xqlwdu| rshudwruv zklfk duh xvhixo iru txdqwxp frpsxwlqj duh fdoohg vlqjoh

txelw jdwhv1 Zh olvw vrph ri wkhp1 Lw vkrxog eh qrwlfhg wkdw wkhuh duh dq lq�qlwh
qxpehu ri txdqwxp vlqjoh0txelw jdwhv/ lq frqwudvw wr wkh fodvvlfdo fdvh zkhuh rqo|
wzr orjlf jdwhv duh srvvleoh iru d vlqjoh elw1

5144141 Wkh wulyldo jdwh

Wkh xqlw rshudwru

e4 @

�
4 3
3 4

�
@ m3l k3m . m4l k4m

lv wkh vlpsohvw xqlwdu| rshudwru1 Lwv �dfwlrq� grhv qrw fkdqjh dq| vwdwh/ khqfh
e4 lv qrw frqvlghuhg dv d orjlfdo jdwh/ exw udwkhu dv d �zluh�1 Wkh wulyldo jdwh
ehfrphv hvvhqwldo iru v|vwhpv frqvlvwlqj ri pdq| txelwv/ zkhuh rqh xvxdoo| dfwv
rq vrph ri wkhp dqg gr qrwklqj wr rwkhuv1

5144151 QRW jdwh

Wkh rqo| qrq0wulyldo vlqjoh elw jdwh lq fodvvlfdo frpsxwhu vflhqfh lv wkh QRW jdwh1
Lwv txdqwxp frxqwhusduw lv wkh xqlwdu| rshudwru

eX��A @

�
3 4
4 3

�

@ m3l k4m . m4l k3m @ �%>

ehfdxvh lwv dfwlrq rq wkh fdqrqlfdo edvh vwdwhv m3l > m4l lv=
eX��A m3l @ m4l > eX��A m4l @ m3l =

Wkh txdqwxp QRW jdwh +fdoohg dovr wkh  ls jdwh, lv wkh rqo| vlqjoh txelw jdwh
zklfk shupxwhv wkh fdqrqlfdo edvh1 Rwkhu jdwhv wudqvirup edvh yhfwruv m3l > m4l
lqwr vxshusrvlwlrqv ri wkhp/ zkdw lv frqvlghuhg wr eh d �wuxo| txdqwxp� dfwlrq1

5144161 Kdgdpdug jdwh

Wkh Kdgdpdug jdwh lv wkh xqlwdu| rshudwru

eXO @
4s
5

�
4 4
4 �4

�

@
4s
5

+m3l k3m . m3l k4m . m4l k3m � m4l k4m, @
4s
5

+�% . �5, =
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Lw wudqvirupv wkh edvh vwdwhv m3l > m4l lqwr vxshusrvlwlrqv ri edvh vwdwhv=

eXO m3l @
4s
5

+m3l . m4l, > eXO m4l @
4s
5

+m3l � m4l, =

5144171 Vtxduh urrw ri QRW

Ghxwvfk lqwurgxfhg lq ^6` wkh vhulhv ri txdqwxp jdwhv zklfk kh fdoov srzhuv ri
QRW=

eXE��A�k =@
4

5

�
4 . h�Zk 4 � h�Zk

4 � h�Zk 4 . h�Zk

�
>

zkhuh � lv dq duelwudu| uhdo qxpehu1 Lw lv fohdu wkdw iru dq lqwhjhu � zh jhw hlwkhu

wkh xqlw pdwul{

�
4 3
3 4

�
ru wkh txdqwxp QRW jdwh1 Iru rwkhu ydoxhv ri � zh

rewdlq jhqxlqh txdqwxp jdwhv/ iru lqvwdqfh wkh fdvh ri � @ �
2 lv wkh vtxduh urrw

ri QRW=

eXI
��A @

4

5

�
4 . l 4 � l

4 � l 4 . l

�
=

Vrph dxwkruv xvh wkh slfwxuhvtxh whup �vtxduh urrw ri QRW� wr ghqrwh wkh
iroorzlqj vlqjoh txelw jdwh

4s
5

�
4 �4
4 4

�
>

zklfk lv qrw htxdo wr Ghxwvfk*v eXI
��A=

5144181 Urwdwlrqv dqg skdvh vkliwv

Wkh wkuhh xqlwdu| rshudwruv

eX+%
+�, =@

�
frv w

2 lvlqw
2

lvlq w
2 frv w

2

�
>

eX++ +�, =@

�
frv w

2 vlqw
2

�vlqw
2 frv w

2

�
>

eX+5
+�, =@

#
h� w

2 3

3 h3� w
2

$

duh fdoohg urwdwlrqv e| � durxqg wkh {0/ wkh |0/ dqg wkh }0d{lv uhvshfwlyho|1 Wkh
qdph lv vxjjhvwhg e| wkh nqrzq pdsslqj ehwzhhq wkh jurxs VX +5, ri xqlwdu|



444

5 � 5 pdwulfhv zlwk xqlw| ghwhuplqdqw/ dqg wkh jurxs VR +6, ri ruwkrjrqdo 6 � 6
pdwulfhv zlwk xqlw| ghwhuplqdqw +urwdwlrqv ri U�,1

Fohduo|/ wkh sduwlfxodu fdvhv ri urwdwlrqv duh sursruwlrqdo wr Sdxol pdwulfhv=

�% =@ l eX+%
+�, > �+ =@ �l eX++

+�, > �5 =@ l eX+5
+�, =

Wkh xqlwdu| rshudwru

eX�� +*, =@

�
h�) 3
3 h�)

�

lv fdoohg wkh skdvh vkliw zlwk uhvshfw wr *> wkh qdph lv h{sodlqhg e| wkh idfw wkdw
wkh dfwlrq ri eX�� +*, rq dq duelwudu| yhfwru myl ri F2 fdxvhv rqo| wkh fkdqjh ri
wkh ryhudoo skdvh idfwru=

eX�� +*, myl @ h�) myl =

Lw lv nqrzq +vhh ^4` iru pruh ghwdlov dqg d surri, wkdw hyhu| xqlwdu| rshudwru
rq F2 fdq eh h{suhvvhg dv wkh surgxfw ri wkuhh urwdwlrqv dqg d skdvh vkliw

eX @ eX�� +*, eX+5
+��, eX++

+�2, eX+5
+��,

zlwk wkh dssursuldwh fkrlfh ri wkh uhdo sdudphwhuv ��> �2> ��> *=

Iru lqvwdqfh/ wkh xqlwdu| rshudwru

eX2�� +*�> *2, =@

�
h�)� 3

3 h�)2

�

zklfk fkdqjhv skdvhv ri erwk frpsrqhqwv ri d yhfwru lqghshqghqwo|=

eX2�� +*�> *2,

�
y�

y2

�
@

�
h�)�y�

h�)2y2

�
>

ghfrpsrvhv lqwr

eX2�� +*�> *2, @ eX��

�
*� . *2

5

�
eX+5

�
*� � *2

5

�
=

61 Wzr0txelw v|vwhp

Pxfk wkdw lv zhlug dqg zrqghuixo derxw txdqwxp phfkdqlfv fdq eh dssuhfldwhg

e| frqvlghulqj wkh surshuwlhv ri wkh txdqwxp vwdwhv ri wzr txelwv1 M1 Suhvnloo ^;`



445

6141 Whqvru surgxfw ri vwdwh vsdfhv ri wzr txelwv

Frqvlghu wzr txelwv/ vd| T� dqg T� +D iru Dolfh/ E iru Ere 0 vhh Vxevhfwlrq
51<,1 Wkhlu vwdwh vsdfhv duh F2

� dqg F2
� uhvshfwlyho|1 Dvvxph wkdw wkh wzr

txelwv irup wrjhwkhu d mrlqw txdqwxp v|vwhp T� . T�= Wkh txdqwxp v|vwhp
T� . T� kdv wr eh ghvfulehg dffruglqj wr jhqhudo uxohv ri txdqwxp phfkdqlfv>
lq sduwlfxodu/ lwv vwdwhv vkrxog eh uhsuhvhqwhg e| yhfwruv ri d frpsoh{ olqhdu vsdfh
F?1 Wkh frpsrvlwh fkdudfwhu ri wkh wzr0txelw v|vwhp lpsolhv wkdw dq| sdlu ri
vwdwhv myl� 5 F2

�> mzl� 5 F2
� vkrxog ghwhuplqh d vwdwh ri T� . T� > zklfk lv

ghqrwhg myl� 
 mzl� +wkh whqvru surgxfw ri yhfwruv myl� dqg mzl�,1 Wkh whqvru
surgxfw myl� 
mzl� lv dovr ghqrwhg my> zl +zh zloo xvh erwk qrwdwlrqv,1 Irupdoo|/
zh vkrxog kdyh d rqh0wr0rqh pds

� = F
2
� � F

2
� $ F

e

zklfk zlwk hyhu| sdlu myl� 5 F2
�> mzl� 5 F2

� dvvrfldwhv wkh yhfwru

� +myl� > mzl�, =@ myl� 
 mzl� 5 F
e=

Wkh pds � kdv wr eh elolqhdu=

+}� mxl� . }2 myl�, 
 mzl� @ }� mx> zl . }2 my> zl >

mxl� 
 +}� myl� . }2 mzl�, @ }� mx> xl . }2 mx> zl >

lw vkrxog dovr vdwlvi| wkh lpsruwdqw frqglwlrq=

kx> z my> {l @ kx my l� kz m{l� >

zkhuh wkh ohiw0vlgh lqqhu surgxfw lv gh�qhg lq Fe> zkloh wkh uljkw0vlgh lqqhu surg0
xfwv uhihu wr F2

� dqg F2
� uhvshfwlyho|1

Lw lv hdv| wr uhdol}h qrz wkdw irxu yhfwruv

m3l� 
 m3l� > m3l� 
 m4l� > m4l� 
 m3l� > m4l� 
 m4l�

+zh zloo ghqrwh wkhp m33l > m34l > m43l > m44l,/ duh pxwxdoo| ruwkrjrqdo dqg qrupdo0
l}hg1 D vlpsoh fdofxodwlrq vkrzv wkdw dq| yhfwru myl� 
 mzl� ghfrpsrvhv lqwr d
olqhdu frpelqdwlrq ri wkhvh irxu yhfwruv=

myl� 
 mzl� @ k33 my> z l m3> 3l . k34 my> z l m34l . k43 my> z l m43l . k44 my> z l m44l
@ yfzf m33l . yfz� m34l . y�zf m43l . y�z� m44l >
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ru lq wkh froxpq qrwdwlrq

�
yf

y�

�



�
zf

z�

�
@

3
EEC

yfzf

yfz�

y�zf

y�z�

4
FFD =

Lw phdqv wkdw doo vwdwhv ri wkh frpsrvlwh txelw T� . T� kdylqj wkh irup
myl� 
 mzl� > vr doo vwdwhv zklfk fdq eh frpsohwho| ghvfulehg e| vd|lqj wkdw T�

lv lq wkh vwdwh myl� dqg T� lv lq wkh vwdwh mzl� > ehorqj wr wkh irxu0glphqvlrqdo
vsdfh Fe ghwhuplqhg e| wkh yhfwruv m33l > m34l > m43l > m44l = Wklv lqglfdwhv wkdw wkh
vwdwh vsdfh ri wkh wzr0txelw v|vwhp vkrxog eh irxu0glphqvlrqdo1

Wkh frpsrvlwh fkdudfwhu ri T� . T� lv irupdoo| h{suhvvhg e| wkh pds � =
F2

� � F2
� $ Fe kdylqj wkh phqwlrqhg surshuwlhv1 Wkh vsdfh Fe hqkdqfhg zlwk

wkh pds � lv fdoohg wkh whqvru surgxfw +ru wkh Nurqhfnhu surgxfw, ri F2
� dqg F2

�/
dqg ghqrwhg F2

� 
 F2
�1

Wkh irxu yhfwruv m33l > m34l > m43l > m44l irup wkh fdqrqlfdo edvh ri F2
� 
F2

�1 Dv
wkh| duh lqgh{hg e| wkh sdlu ri lqglfhv/ wkh frpsrqhqwv ri yhfwruv zlwk uhvshfw
wr wkh fdqrqlfdo edvh duh dovr lqgh{hg e| sdluv ri lqglfhv=

myl @ ky m33l m33l . ky m34l m34l . ky m43l m43l . ky m44l m44l
@ yff m33l . yf� m34l . y�f m43l . y�� m44l >

wkh vdph lq wkh vwdqgdug froxpq qrwdwlrq lv=

3
EEC

yff

yf�

y�f

y��

4
FFD @ yff
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4
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@ yff
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FFD . yf�

3
EEC
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3

4
FFD . y�f

3
EEC

3
3
4
3

4
FFD . y��

3
EEC

3
3
3
4

4
FFD =

Vlplodu frqyhqwlrq dssolhv wr wkh pdwulfhv uhsuhvhqwlqj rshudwruv= wkh pdwul{
hohphqw k33m eU m33l ri dq rshudwru eU zloo eh ghqrwhg Uffcff> hwf1
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6151 Hqwdqjohg vwdwhv

Lw lv lpsruwdqw wr qrwlfh wkdw wkh wzr surgxfwv F2
� � F2

� dqg F2
� 
 F2

� duh qrw
lghqwlfdo1 Wkh �uvw lv wkh Fduwhvldq surgxfw/ vr lw lv vlpso| wkh froohfwlrq ri doo
sdluv ri yhfwruv myl� > mzl� zlwkrxw dq| ryhudoo olqhdu vwuxfwxuh1 Wkh vhfrqg lv wkh
frpsoh{ olqhdu vsdfh Fe htxlsshg zlwk wkh dgglwlrqdo vwuxfwxuh lpsrvhg e| wkh
rqh0wr0rqh pds � = F2

� � F2
� $ Fe= Kdylqj wkdw lq plqg/ rqh hdvlo| uhdol}hv wkdw

wkh lpdjh ri F2
��F2

� xqghu wkh pds � lv qrw wkh hqwluh vsdfh Fe = hyhu| sdlu myl� >

mzl� lv wudqviruphg e| � lqwr wkh whqvru surgxfw yhfwru myl� 
 mzl� 5 F2
� 
 F2

�>

zkhuhdv F2
� 
 F2

� frqwdlqv dovr ydulrxv vxshusrvlwlrqv ri vxfk surgxfw yhfwruv/
olnh h1j1 mxl� 
 mzl� . myl� 
 m{l� > zklfk duh qrw ri wkh whqvru surgxfw irup1

Hyhu| yhfwru ri F2
� 
 F2

� zklfk grhv qrw ehorqj wr wkh lpdjh ri F2
� � F2

�

xqghu � lv fdoohg hqwdqjohg1 Wr wkh fodvv ri hqwdqjohg yhfwruv ehorqj/ iru lqvwdqfh/
wkh iroorzlqj irxu frpelqdwlrqv ri yhfwruv ri wkh fdqrqlfdo edvh=

mE�l @
4s
5

+m33l . m44l, @
4s
5

3
EEC

4
3
3
4

4
FFD > mE2l @

4s
5

+m33l � m44l, @
4s
5

3
EEC

4
3
3

�4

4
FFD >

mE�l @
4s
5

+m34l . m43l, @
4s
5

3
EEC

3
4
4
3

4
FFD > mEel @

4s
5

+m34l � m43l, @
4s
5

3
EEC

3
4

�4
3

4
FFD =

Wkh| duh qrupdol}hg dqg pxwxdoo| ruwkrjrqdo/ vr irup d sduwlfxodu edvh ri F2
� 


F2
� fdoohg vrphwlphv wkh Ehoo edvh1 Vwdwhv ri wkh Ehoo edvh duh sdudgljpdwlf

h{dpsohv ri hqwdqjohg vwdwhv1

Lw vkrxog eh qrwlfhg wkdw wkh olqhdu vwuxfwxuh ri F2
�
F2

� fdxvhv vrph sureohpv
zlwk glvwlqjxlvklqj hqwdqjohg dqg qrq0hqwdqjohg yhfwruv1 Lqghhg/ hyhu| yhfwru
ri F2

� 
 F2
� pxvw ghfrpsrvh lqwr d vxshusrvlwlrq ri yhfwruv ri d jlyhq edvh/ lq

sduwlfxodu ri wkh fdqrqlfdo edvh im33l > m34l > m43l > m44lj > lw frqfhuqv dovr surgxfw
yhfwruv1 Wdnh dq duelwudu| yhfwru mxl� 
 mzl� zlwk mxl� @ xf m3l� . x� m4l� > dqg
mzl� @ zf m3l� . z� m4l� > wkhq

mxl� 
 mzl� @ xfzf m33l . xfz� m34l . x�zf m43l . x�z� m44l >

vr wkh qrq0hqwdqjohg yhfwru mxl� 
 mzl� orrnv olnh dq hqwdqjohg rqh1 D fulwhulrq
zklfk glvfulplqdwhv ehwzhhq hqwdqjohg dqg qrq0hqwdqjohg vwdwhv zloo eh surylghg
ehorz +Vxevhfwlrq 61;,1
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Vrph shfxoldu surshuwlhv ri hqwdqjohg vwdwhv duh hvvhqwldo iru txdqwxp lqiru0
pdwlrq surfhvvlqj> zh zloo glvfxvv wkhp odwhu rq1 Qhyhuwkhohvv/ rqh fdq lpph0
gldwho| vhh zk| hqwdqjohg vwdwhv duh vr vshfldo1 Wkh sk|vlfdo lqwhusuhwdwlrq zh
dwwulexwhg wr surgxfw yhfwruv ri F2

� 
 F2
� vd|v wkdw wkh wzr txelwv T� dqg T�

duh lq zhoo gh�qhg vwdwhv mxl� > mzl� li dqg rqo| li wkh vwdwh ri wkh frpsrvlwh
v|vwhp T� . T� lv mxl� 
 mzl� = Khqfh/ li wkh mrlqw v|vwhp T� . T� zdv lq dq
hqwdqjohg vwdwh/ wkh txelwv T� dqg T� zrxog kdg qr gh�qlwh vwdwhv 0 d vlwxdwlrq
zklfk frxog qhyhu kdsshq lq wkh fodvvlfdo sk|vlfv1

6161 Revhuydeohv

Sk|vlfdo txdqwlwlhv +revhuydeohv, uhohydqw wr d txdqwxp v|vwhp kdylqj d irxu0
glphqvlrqdo vwdwh vsdfh Fe duh wr eh uhsuhvhqwhg/ dffruglqj wr jhqhudo uxohv ri
txdqwxp phfkdqlfv/ e| vhoi0dgmrlqw rshudwruv rq Fe1 Wkh vhoi0dgmrlqwqhvv frqgl0
wlrq lv d gluhfw jhqhudol}dwlrqv ri wkdw olvwhg lq Vxevhfwlrq 515= dq rshudwru

eT @ +T��c&,, >

zkhuh T��c&, duh pdwul{ hohphqwv ri eT lq wkh fdqrqlfdo edvh/ lv fdoohg vhoi0dgmrlqw
li

eT @ eTW>

ru htxlydohqwo|/ li=
T��c&, @ TW

&,c��

iru hyhu| l> m> n> o @ 3> 4=

Olnh wkh wzr0glphqvlrqdo fdvh/ hljhqydoxhv ri vhoi0dgmrlqw rshudwruv duh uhdo
qxpehuv1 Lw lv hdv| wr vkrz wkdw doo hljhqyhfwruv fruuhvsrqglqj wr wkh vdph hljhq0
ydoxh irup d olqhdu vxevsdfh ri Fe fdoohg dq hljhqvxevsdfh> li dq hljhqvxevsdfh
lv ri glphqvlrq g A 5/ wkh fruuhvsrqglqj hljhqydoxh lv fdoohg g0irog ghjhqhudwh1
Hljhqvxevsdfhv ri d vhoi0dgmrlqw rshudwru eT fruuhvsrqglqj wr gl�huhqw hljhqydoxhv
duh pxwxdoo| ruwkrjrqdo/ wklv surshuw| hqdeohv xv wr frqvwuxfw edvhv ri Fe iurp
hljhqyhfwruv ri eT 1

Dq ruwkrqrupdo edvh ri d vxevsdfh lv dq| vhw ri pxwxdoo| ruwkrjrqdo dqg
qrupdol}hg yhfwruv/ vxfk wkdw hyhu| yhfwru ehorqjlqj wr wkh vxevsdfh ghfrpsrvhv
lqwr d olqhdu frpelqdwlrq ri wkhp1 Lw lv fohdu wkdw dq| vxevsdfh ri glphqvlrq 5
ru pruh kdv pdq| ruwkrqrupdo edvhv1 Li zh wkdq slfn xs rqh ruwkrqrupdo edvh
iru hyhu| hljhqvxevsdfh ri d vhoi0dgmrlqw rshudwru eT> zh jhw d edvh ri wkh zkroh
vsdfh Fe zklfk frqvlvwv ri hljhqyhfwruv ri eT> dqg lv fdoohg d eT0hljhqedvh +ri Fe,1
Li vrph ri hljhqydoxhv ri eT duh ghjhqhudwh/ wkhuh duh pdq| gl�huhqw hljhqedvhv
gh�qhg e| eT=
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Dprqj vhoi0dgmrlqw rshudwruv rq Fe rqh glvwlqjxlvkhv d vshfldo fodvv ri sur0
mhfwlrq rshudwruv1 Dq rshudwru eS = Fe $ Fe lv d surmhfwlrq rshudwru li lw lv
lghpsrwhqw=

eS 2 @ eS >

zkdw phdqv wkdw li zh dsso| lw wzlfh/ zh jhw wkh vdph dv zh zrxog dsso| lw rqo|
rqfh1 Wr wkh fodvv ri surmhfwlrq rshudwruv ehorqj wkh xqlw rshudwru e4 dqg wkh qxoo
rshudwru e3/ wkh odwwhu ghvfulehg e| wkh pdwul{ kdylqj doo hqwulhv htxdo qxoo1 Hyhu|
qrq0wulyldo +l1h1 h{fhsw e4 dqg e3, surmhfwlrq rshudwru kdv h{dfwo| wzr hljhqydoxhv=
3 dqg 4=

Wkh yhfwru eS myl iru dq duelwudu| myl 5 Fe lv vlpso| wkh ruwkrjrqdo surmhf0
wlrq ri myl rqwr wkh hljhqvxevsdfh ri eS fruuhvsrqglqj wr wkh hljhqydoxh 4> khqfh
wklv vxevsdfh lv wkh lpdjh ri Fe xqghu wkh dfwlrq ri wkh surmhfwlrq rshudwru
eS 1 Wkh wzr hljhqydoxhv ri d surmhfwlrq rshudwru eS duh xvxdoo| ghjhqhudwh> li
wkh hljhqydoxh 4 lv qrq0ghjhqhudwh/ wkhq wkh fruuhvsrqglqj hljhqvxevsdfh lv rqh0
glphqvlrqdo/ wkh wudglwlrqdo qrwdwlrq iru eS lv wkhq myl kym +vhh Vxevhfwlrq 515,/
zkhuh myl lv d qrupdol}hg yhfwru ehorqjlqj wr wkh rqh0glphqvlrqdo hljhqvxevsdfh1

Wkh jhrphwulfdo lqwhusuhwdwlrq h{srvhg deryh lpsolhv wkdw hyhu| surmhfwlrq
rshudwru lv xqltxho| fkdudfwhul}hg e| lwv hljhqvxevsdfh fruuhvsrqglqj wr 4= Frq0
yhuvho|/ zlwk hyhu| vxevsdfh ri Fe zh fdq dvvrfldwh wkh xqltxh surmhfwlrq rshudwru
zklfk ruwkrjrqdoo| surmhfwv doo yhfwruv rq lw1 Wkdw hvwdeolvkhv wkh qdwxudo rqh0
wr0rqh fruuhvsrqghqfh ehwzhhq surmhfwlrq rshudwruv dqg vxevsdfhv ri Fe=

6171 Vshfwudo ghfrpsrvlwlrq dqg phdvxuhphqwv

Surmhfwlrq rshudwruv/ fdoohg dovr hohphqwdu| revhuydeohv/ rffxs| d yhu| vshfldo
srvlwlrq lq wkh irupdo vwuxfwxuh ri txdqwxp phfkdqlfv1 Wkh uhdvrq lv wkdw hyhu|
vhoi0dgmrlqw rshudwru ghfrpsrvhv lqwr surmhfwlrq rshudwruv1

Dffruglqj wr frqvlghudwlrqv ri wkh odvw Vxevhfwlrq/ zlwk hyhu| vhoi0dgmrlqw rs0
hudwru eT rq Fe rqh dvvrfldwhv wkh vhw ri lwv hljhqydoxhv it�> ===> t&j > n 9 7> +fdoohg
wkh vshfwuxp ri eT, dqg wkh vhw ri fruuhvsrqglqj hljhqvxevsdfhv iY�> ===> Y&j = Lq
wxuq/ zlwk hyhu| hljhqvxevsdfh Y� zh dvvrfldwh wkh fruuhvsrqglqj surmhfwlrq rs0

hudwru eS�= Wkh rshudwru eT fdq eh h{suhvvhg dv d frpelqdwlrq ri wkhvh surmhfwlrq
rshudwruv=

eT @ t�
eS� . === . t&

eS&

zlwk n 9 7> wklv irupxod lv fdoohg wkh vshfwudo ghfrpsrvlwlrq ri d vhoi0dgmrlqw
rshudwru1

Wkh vshfwudo ghfrpsrvlwlrq lv fuxfldo iru wkh plqlpdo lqwhusuhwdwlrq ri txdq0
wxp phfkdqlfv/ dv zhoo dv iru wkh txdqwxp wkhru| ri phdvxuhphqw1 Lq erwk fdvhv
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frqvlghudwlrqv ri Vhfwlrq 51 vkrxog eh dssursuldwho| jhqhudol}hg wr devrue wkh
srvvleoh ghjhqhudf| ri hljhqydoxhv1

Wkh lqwhusuhwdwlrq uxoh fdoohg wkh plqlpdo lqwhusuhwdwlrq irupxodwhg lq Vxe0
vhfwlrq 516 wdnhv qrz wkh iroorzlqj irup=

Jlyhq d yhfwru myl 5 Fe uhsuhvhqwlqj d vwdwh ri d txdqwxp remhfw/ dqg d
vhoi0dgmrlqw rshudwru eT uhsuhvhqwlqj d sk|vlfdo txdqwlw| uhohydqw wr wkh remhfw1
Hljhqydoxhv t�> ===> t& ri eT duh wkh srvvleoh ydoxhv ri wkh sk|vlfdo txdqwlw|/ zkloh
kym eS� myl/ zkhuh eS� lv wkh surmhfwlrq rshudwru fruuhvsrqglqj wr wkh hljhqydoxh t�>

lv wkh suredelolw| iru wkh rxwfrph t� wr rffxu li d phdvxuhphqw ri wkh revhuydeoh
eT lv shuiruphg rq wkh remhfw lq wkh vwdwh myl =

Wkh surylghg irupxodwlrq ri wkh plqlpdo lqwhusuhwdwlrq dssolhv wr d jhqhudo
vwdwh vsdfh F? +exw qrw wr wkh lq�qlwho|0glphqvlrqdo Kloehuw vsdfh $,1

Wkh frqfhsw ri d phdvxuhphqw ri d txdqwxp revhuydeoh/ irupxodwhg lq Vhfwlrq
5 dv d orqj uxq ri vlqjoh wuldov lv ri d jhqhudo ydolglw|1 Wkxv/ olnh wkh vlqjoh txelw
fdvh/ wkh vshfwuxp it�> ===> t&j ri d vhoi0dgmrlqw rshudwru eT lv wkh vhw ri doo srvvleoh
rxwfrphv ri vlqjoh wuldov/ zkhuhdv wkh suredelolw| ri rffxuhqfh ri d sduwlfxodu ydoxh
t� htxdov kym eS� myl dffruglqj wr wkh plqlpdo lqwhusuhwdwlrq1

Li wkh phdvxuhphqw lv ri wkh yrq Qhxpdqq w|sh/ wkh srvw0phdvxuhphqw hq0
vhpeoh vkrxog eh d vwdwlvwlfdo pl{wxuh ri hljhqvwdwhv

kym eS� myl3 �

2 eS� myl > m @ 4> ===> n

zlwk zhljkwv kym eS� myl =

6181 Ghqvlw| rshudwruv

Zlwk dq| vwdwh myl 5 Fe rqh fdq dvvrfldwh wkh surmhfwlrq rshudwru eS� zklfk
surmhfwv doo yhfwruv ri Fe rqwr wkh 40glphqvlrqdo vxevsdfh vsdqqhg e| myl =

eS� mzl =@ ky mzl myl =

Lq wkh eud 0 nhw qrwdwlrq
eS� @ myl kym >

zkloh wkh pdwul{ uhsuhvhqwdwlrq +lq wkh fdqrqlfdo edvh, ri eS� iru

myl @

3
EEC

yff

yf�

y�f

y��

4
FFD
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lv

eS� @

3
EEC

yffyW
ff yffyW

f� yffyW
�f yffyW

��

yf�yW
ff yf�yW

f� yf�yW
�f yf�yW

��

y�fyW
ff y�fyW

f� y�fyW
�f y�fyW

��

y��yW
ff y��yW

f� y��yW
�f y��yW

��

4
FFD =

Wkh rshudwru eS� surylghv dq dowhuqdwlyh ghvfulswlrq ri wkh vwdwh uhsuhvhqwhg e|
wkh yhfwru myl =

Zh gh�qh wkh wudfh ri dq rshudwru/ Wu eU> dv wkh vxp ri lwv gldjrqdo pdwul{
hohphqwv lq dq duelwudu| edvh1 Wkxv/ lq wkh fdqrqlfdo edvh zh kdyh=

Wu eU =@
[

��'fc�

klmm eU mlml

@ k33m eU m33l . k34m eU m34l . k43m eU m43l . k44m eU m44l =

Wkh wudfh ri dq rshudwru grhv qrw ghshqg rq wkh edvh/ dqg lv olqhdu zlwk uhvshfw
wr vxpv ri rshudwruv1 Qrz/ wkh wudqvlwlrq suredelolw| ehwzhhq wzr vwdwhv fdq eh
h{suhvvhg dv

mky mzlm2 @ Wu
�

eS�
eS�

�
>

dqg wkh phdq ydoxh ri dq revhuydeoh eT lv

G
eT

H
@ kym eT myl @ Wu

�
eT eS�

�
=

Wkh uhsuhvhqwdwlrq ri vwdwhv e| phdqv ri fruuhvsrqglqj surmhfwlrq rshudwruv
ohdgv wr d frqflvh uhsuhvhqwdwlrq ri wkh vwdwlvwlfdo pl{wxuhv ri vwdwhv zklfk zh
kdyh phw deryh1 Lqghhg/ frqvlghu d vwdwlvwlfdo pl{wxuh ri wzr pxwxdoo| ruwkrjrqdo
vwdwhv my�l > my2l zlwk zhljkwv ��> �2= Wkh phdq ydoxh ri dq revhuydeoh eT phdvxuhg
rq vxfk d pl{hg hqvhpeoh kdv wr eh

G
eT

H
@ �� ky�m eT my�l . �2 ky2m eT my2l @ ��Wu

�
eT eS��

�
. �2Wu

�
eT eS�2

�

@ Wu
�

eT
�

��
eS��

. �2
eS�2

��
=

Wkh rshudwru lq eudfnhwv uhsuhvhqwv wkh vwdwlvwlfdo pl{wxuh lq txhvwlrq/ lwv wudgl0
wlrqdo qdph lv ghqvlw| rshudwru1 Wkxv/ kdylqj wkh ghqvlw| rshudwru fruuhvsrqglqj
wr d vwdwlvwlfdo pl{wxuh/ zh fdq fdofxodwh wkh phdq ydoxh ri dq| revhuydeoh dw
wkh fruuhvsrqglqj hqvhpeoh1 D ghhshu dqdo|vlv vkrzv wkdw wkh nqrzohgjh ri doo
phdq ydoxhv ri doo revhuydeohv dw vrph vwdwlvwlfdo hqvhpeoh vx!fhv iru dq lghqwl0
�fdwlrq ri wkdw vwdwlvwlfdo hqvhpeoh1 Dffruglqjo|/ wkh ghqvlw| rshudwru surylghv
wkh h{kdxvwlyh ghvfulswlrq ri wkh vwdwlvwlfdo pl{wxuh ri vwdwhv1
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Irupdoo|/ wkh qdph ghqvlw| rshudwru uhihuv wr dq| rshudwru e� vdwlvi|lqj wkh
wzr frqglwlrqv= doo hljhqydoxhv ri e� duh wr eh qrq0qhjdwlyh +zkdw lpsolhv wkdw e�
vkrxog eh vhoi0dgmrlqw,/ dqg lwv wudfh pxvw htxdo 4=

Wu e� @ 4=

Qrwlfh/ wkdw dq| rqh0glphqvlrqdo surmhfwlrq rshudwru myl kym phhwv erwk frq0
glwlrqv/ vr wkh fodvv ri ghqvlw| rshudwruv frqwdlqv doo rqh0glphqvlrqdo surmhf0
wlrqv +rwkhu surmhfwlrq rshudwruv duh qrw ghqvlw| rshudwruv,1 Wkh vhw ri doo
rqh0glphqvlrqdo surmhfwlrqv lv lq d vhqvh ixqgdphqwdo iru wkh fodvv ri ghqvlw|
rshudwruv= hyhu| ghqvlw| rshudwru ghfrpsrvhv lqwr d olqhdu frpelqdwlrq ri rqh0
glphqvlrqdo surmhfwlrqv/ zkdw kdv wkh vlpsoh sk|vlfdo lqwhusuhwdwlrq= hyhu| vwd0
wlvwlfdo hqvhpeoh lv d vwdwlvwlfdo pl{wxuh ri sxuh hqvhpeohv1

Li wkh rshudwru myl kym lv grqh lq wkh pdwul{ irup/ lw lv qrw hylghqw wkdw lw
lv d surmhfwlrq rshudwru1 Lw fdq eh suryhg wkdw d ghqvlw| rshudwru e� lv d rqh0
glphqvlrqdo surmhfwlrq li dqg rqo| li

Wu e�2 @ 4>

rwkhuzlvh
Wu e�2 ? 4=

Lq txdqwxp phfkdqlfv lw lv dvvxphg wkdw dq| ghqvlw| rshudwru ghvfulehv d
jhqhudo vwdwh ri d txdqwxp remhfw1 Li wkh ghqvlw| rshudwru vdwlv�hv wkh frqglwlrq
Wu e�2 @ 4> wkhq lw ghvfulehv d sxuh vwdwh +fdoohg dovr d yhfwru vwdwh,/ vr mxvw d
vwdwh uhsuhvhqwhg e| d qrupdol}hg yhfwru ri d frpsoh{ olqhdu vsdfh1 Li Wu e�2 ? 4>

wkhq e� ghvfulehv d pl{hg vwdwh1 Wloo qrz/ sxuh vwdwhv zhuh fdoohg vwdwhv/ zkloh
pl{hg vwdwhv zhuh fdoohg vwdwlvwlfdo pl{wxuhv ri vwdwhv1

Zh kdyh wr qrwlfh qrz vrph lpsruwdqw srlqw1 Wkh ghvfulswlrq ri vwdwhv e|
phdqv ri ghqvlw| rshudwruv lpsolhv wkdw sxuh vwdwhv/ uhsuhvhqwhg xs wr qrz e|
qrupdol}hg yhfwruv myl/ duh uhsuhvhqwhg e| surmhfwlrq rshudwruv myl kym = Wklv qhz
uhsuhvhqwdwlrq ri sxuh vwdwhv ljqruhv wkhlu skdvh idfwruv= wzr yhfwruv mxl > dqg
myl @ h�) mxl duh vxuho| gl�huhqw hohphqwv ri Fe> qhyhuwkhohvv wkh| gh�qh wkh vdph
surmhfwlrq rshudwru ehfdxvh

eS� mzl @ h3�)h�) kx mzl mxl @ kx mzl mxl @ eS� mzl

iru duelwudu| yhfwru mzl 5 Fe= Zh vhh wkdw wkh wzr zd|v ri uhsuhvhqwlqj txdqwxp
sxuh vwdwhv= e| phdqv ri qrupdol}hg yhfwruv/ dqg e| phdqv ri surmhfwlrq rshudwruv
ri rqh0glphqvlrqdo udqjh/ duh qrw htxlydohqw 0 wkh iruphu lv pruh �vxewoh�1 Lw
lv frpprqo| dvvxphg wkdw wkh odwwhu uhsuhvhqwdwlrq lv dghtxdwh/ vr wkdw wkh
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surshu uhsuhvhqwdwlrq ri sxuh vwdwhv lv surylghg e| wkh surmhfwlrq rshudwruv ri
rqh0glphqvlrqdo udqjh1 Wkxv/ zh kdyh wr nhhs lq plqg wkdw yhfwruv uhsuhvhqw
vwdwhv lq dq dpeljxrxv zd|= wzr yhfwruv zklfk gl�hu rqo| lq d skdvh idfwru/ olnh
mxl dqg h�) mxl > uhsuhvhqw wkh vdph vwdwh1

Zh hqfrxqwhuhg pl{hg vwdwhv dv wkh srvw0phdvxuhphqw vwdwlvwlfdo pl{wxuhv
jhqhudwhg e| d yrq Qhxpdqq0w|sh phdvxuhphqw1 Dvvxph wkdw zh shuirup d yrq
Qhxpdqq phdvxuhphqw ri dq revhuydeoh kdylqj wkh vshfwudo ghfrpsrvlwlrq

eT @ t�
eS� . === . t&

eS&> n 9 7>

rq d sxuh vwdwh myl = Wkh srvw0phdvxuhphqw hqvhpeoh lv wkhq +vhh wkh suhylrxv
Vxevhfwlrq, wkh vwdwlvwlfdo pl{wxuh ri hljhqvwdwhv ri eT =

kym eS� myl3 �

2 eS� myl > m @ 4> ===> n

zlwk zhljkwv kym eS� myl = Wkh fruuhvsrqglqj ghqvlw| rshudwru lv=

e�J�| @
&[

�'�

kym eS� myl 4

kym eS� myl

��� eS�y
H G

eS�y
��� @

&[

�'�

��� eS�y
H G

eS�y
��� >

zkhuh
��� eS�y

H G
eS�y

��� ghqrwhv wkh surmhfwlrq rshudwru gh�qhg e| wkh +qrq0qrupdol}hg
$, yhfwru eS� myl =

6191 Whqvru surgxfwv ri rshudwruv

Ohw xv uhwxuq wr wkh fdvh Fe @ F2
� 
 F2

�> zkdw phdqv wkdw wkh irxu0glphqvlrqdo
yhfwru vsdfh lq txhvwlrq lv wkh vwdwh vsdfh ri d wzr0txelw v|vwhp T� . T�1

Wkh whqvru0surgxfw vwuxfwxuh ri Fe ohdgv wr wkh whqvru surgxfw ri rshudwruv1
Ohw eU� dqg eU� eh rshudwruv rq F2

� dqg F2
� uhvshfwlyho|1 Kdylqj eU� dqg eU�>

zh fdq frqvwuxfw dq rshudwru

eU = F
2
� 
 F

2
� $ F

2
� 
 F

2
�>

dv iroorzv1 Zh ehjlq zlwk gh�qlqj wkh dfwlrq ri eU rq yhfwruv ri wkh fdqrqlfdo
edvh=

eU m33l =@ eU� m3l� 
 eU� m3l� >

eU m34l =@ eU� m3l� 
 eU� m4l� >

eU m43l =@ eU� m4l� 
 eU� m3l� >

eU m44l =@ eU� m4l� 
 eU� m4l� =
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Wkhq zh wdnh lqwr dffrxqw wkdw hyhu| yhfwru myl 5 F2
� 
 F2

� ghfrpsrvhv lq wkh
fdqrqlfdo edvh=

myl @ k33 myl m33l . k34 myl m34l . k43 myl m43l . k44 myl m44l >

vr zh fdq gh�qh

eU myl =@ k33 myl eU m33l . k34 myl eU m34l . k43 myl eU m43l . k44 myl eU m44l =

Wkh rshudwru eU frqvwuxfwhg lq wklv zd| lv ghqrwhg eU�
 eU� dqg fdoohg wkh
whqvru surgxfw ri rshudwruv eU� dqg eU� > lwv pdwul{ hohphqwv duh=

Uffcff @ k33m eU m33l @ k3m eU� m3l� k3m eU� m3l� @ U�cffU�cff >

Uffcf� @ k33m eU m34l @ k3m eU� m3l� k3m eU� m4l� @ U�cffU�cf� >

hwf>

khqfh lwv pdwul{ irup lq wkh fdqrqlfdo edvh lv=

eU� 
 eU� @

3
EEC

U�cffU�cff U�cffU�cf� U�cf�U�cff U�cf�U�cf�

U�cffU�c�f U�cffU�c�� U�cf�U�c�f U�cf�U�c��

U�c�fU�cff U�c�fU�cf� U�c��U�cff U�c��U�cf�

U�c�fU�c�f U�c�fU�c�� U�c��U�c�f U�c��U�c��

4
FFD

Lw lv hdv| wr vhh wkh iroorzlqj xvhixo surshuwlhv ri wkh whqvru surgxfw ri rshudwruv=
0 li erwk eU� dqg eU� duh vhoi0dgmrlqw/ wkhq eU�
 eU� lv vhoi0dgmrlqw/
0 li erwk eU� dqg eU� duh surmhfwlrq rshudwruv/ wkhq eU�
 eU� lv d surmhfwlrq

rshudwru/
0 li erwk eU� dqg eU� duh surmhfwlrq rshudwruv ri rqh0glphqvlrqdo udqjhv/ wkhq

eU�
 eU� lv d surmhfwlrq rshudwru ri rqh0glphqvlrqdo udqjh/
0 li erwk eU� dqg eU� duh xqlwdu|/ wkhq eU�
 eU� lv xqlwdu|/
0 li erwk eU� dqg eU� duh ghqvlw| rshudwruv/ wkhq eU�
 eU� lv d ghqvlw| rshudwru1
D vkruw fdofxodwlrq ohdgv wr wkh lpsruwdqw htxdolw|=

eU� 
 eU� my> zl =@ eU� myl� 
 eU� mzl� >

zklfk vkrzv krz wkh rshudwru eU� 
 eU� dfwv rq surgxfw vwdwhv1 Dq hdv| frqvh0
txhqfh ri wkdw lv=

kx> ym eU� 
 eU� mz> {l @ kx> ym
�

eU� mzl� 
 eU� m{l�

�

@ kxm eU� mzl� kym eU� m{l� =
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Li zh wdnh wzr vhoi0dgmrlqw rshudwruv eT� dqg eT� dqg wzr hljhq0vwdwhv mtl� > mul�

=
eT� mtl� @ t mtl� > eT� mul� @ u mul� >

wkhq

eT� 
 eT� mt> ul =@ eT� mtl� 
 eT� mul�

@ tu mt> ul >

zkdw vkrzv wkdw surgxfwv ri hljhq0ydoxhv ri eT� dqg eT� duh hljhq0ydoxhv ri eT�

eT� > dqg whqvru surgxfwv ri hljhq0yhfwruv ri eT� dqg eT� duh hljhq0yhfwruv ri
eT�
 eT� =

Wkh deryh frqfoxvlrq hqdeohv d fdofxodwlrq ri wkh vshfwudo ghfrpsrvlwlrq ri
eT�
 eT� = li

eT� @ t�
eS�c� . t2

eS�c2 > eT� @ u�
eS�c� . u2

eS�c2>

wkhq
eT� 
 eT� @

[
t�u�

eS�c� 
 eS�c�=

61:1 Revhuydeohv ri vxev|vwhpv

Dsso|lqj wkh odvw uhvxow ri wkh iruhjrlqj Vxevhfwlrq wr wkh rshudwru eT� 
 e4�>

zkhuh eT� lv d vhoi0dgmrlqw rshudwru rq F2
�> dqg e4� lv wkh lghqwlw| rshudwru rq

F2
�> rqh �qgv wkdw wkh vshfwuxp ri eT� 
 e4� lv wkh vdph dv wkh vshfwuxp ri eT�=

Jlyhq wkh vshfwudo ghfrpsrvlwlrq ri wkh revhuydeoh eT�>

eT� @ t�
eS�c� . t2

eS�c2>

zh hdvlo| �qg wkdw wkh vshfwudo ghfrpsrvlwlrq ri eT� 
 e4� lv vlpso|=

eT� 
 e4� @ t�
eS�c� 
 e4� . t2

eS�c2 
 e4�=

Dv dq h{dpsoh zh surylgh vshfwudo ghfrpsrvlwlrqv ri wkh vslq0frpsrqhqw
revhuydeohv ri d vxev|vwhp=

eV�c5 
 e4� @
4

5
m3l k3m� 
 e4� � 4

5
m4l k4m� 
 e4�

@
4

5

�
4 3
3 3

�

 e4� � 4

5

�
3 3
3 4

�

 e4�>

eV�c% 
 e4� @
4

5
m3%l k3%m� 
 e4� � 4

5
m4%l k4%m� 
 e4�

@
4

7

�
4 4
4 4

�

 e4� � 4

7

�
4 �4

�4 4

�

 e4�=
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Dffruglqj wr wkh plqlpdo lqwhusuhwdwlrq/ li zh shuirup d phdvxuhphqw ri
wkh revhuydeoh eT� 
 e4� rq d surgxfw vwdwh myl� 
 mzl� / wkhq sduwlfxodu ydoxhv

t�> t2 ri wkh revhuydeoh eT� 
 e4� vkrxog rffxu lq vlqjoh wuldov zlwk suredelolwlhv
ky> zm eS�c� 
 e4� my> zl > ky> zm eS�c2 
 e4� my> zl uhvshfwlyho|1 Krzhyhu/

ky> zm eS�c� 
 e4� my> zl @ kym eS�c� myl� kzm zl�

@ kym eS�c� myl� >

iru m @ 4> 5= Wkxv/ dq| phdvxuhphqw ri eT� 
 e4� rq d surgxfw vwdwh myl� 
 mzl�

vkrxog vkrz wkh vdph ydoxhv zlwk wkh vdph suredelolwlhv dv d phdvxuhphqw ri eT�

rq wkh vwdwh myl� =

Doo wkdw pdnh sk|vlflvwv wr eholhyh wkdw eT� 
e4� lv wkh revhuydeoh ri wkh wzr0
txelw v|vwhp T�.T� zklfk uhsuhvhqwv h{dfwo| wkh vdph sk|vlfdo surshuw| ri T�

dv wkh vlqjoh0txelw revhuydeoh eT� grhv1 Lq wklv zd| zh rewdlq wkh uhsuhvhqwdwlrq
ri sk|vlfdo txdqwlwlhv uhohydqw wr wkh vxev|vwhp T� e| phdqv ri revhuydeohv ri
wkh mrlqw v|vwhp T� . T�= Fohduo|/ wkh vdph frqfhuqv revhuydeohv ri wkh irup
e4� 
 eT�= Revhuydeohv ri erwk nlqgv/ eT� 
 e4� dqg e4� 
 eT�> duh fdoohg vxev|vwhp
revhuydeohv1

Qhyhuwkhohvv/ wkhuh lv dq reylrxv gl�huhqfh ehwzhhq d phdvxuhphqw ri eT�
e4�

dqg d phdvxuhphqw ri eT� = wkh iruphu vkrxog eh shuiruphg rq wkh frpsrvlwh
v|vwhp T� . T�/ vr lq wkh suhvhqfh ri erwk vxev|vwhpv T� dqg T�/ zkloh
wkh odwwhu 0 rq wkh v|vwhp T� dorqh1 Frqvlghu/ iru lqvwdqfh/ wkh yrq Qhxpdqq
phdvxuhphqw ri eT� 
 e4� rq d surgxfw sxuh vwdwh myl� 
 mzl�/ dvvxph wkdw wkh
hljhqydoxhv t�> t2 duh qrq0ghjhqhudwh1 Wkh srvw0phdvxuhphqw vwdwh vkrxog eh

e� @ kym eS�c� myl� mt�> zl kt�> zm . kym eS�c2 myl� mt2> zl kt2> zm >

zkhuh mt�l� > mt2l� duh wkh hljhqvwdwhv ri eT�= Fohduo|/ e� ghvfulehv wkh vwdwlvwlfdo

pl{wxuh ri surgxfw vwdwhv mt�l� 
 mzl� zlwk zhljkwv kym eS�c� myl� > m @ 4> 5> wkxv
wkh vwdwh mzl� ri wkh vhfrqg vxev|vwhp/ hyhq li lq d sdvvlyh zd|/ frqwulexwhv wr
wkh phdvxuhphqw surfhvv1

61;1 Vwdwhv ri vxev|vwhpv

Xs wr qrz zh zhuh frqfhuqhg zlwk wkh sureohp ri ghvfulelqj sxuh vwdwhv ri wkh
mrlqw v|vwhp T� . T� nqrzlqj sxuh vwdwhv ri wkh vxev|vwhpv1 Wkdw sureohp
fdq eh jhqhudol}hg lq ylhz ri rxu jhqhudol}dwlrq ri wkh frqfhsw ri vwdwh= ghvfuleh
wkh vwdwh ri wkh mrlqw v|vwhp T� . T� nqrzlqj vwdwhv +sxuh ru pl{hg, ri wkh
vxev|vwhpv1 Wkh vroxwlrq wr wklv sureohp lv vlpsoh= li T� dqg T� duh lq vwdwhv
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e�� dqg e��> wkhq wkh mrlqw v|vwhp T� . T� lv lq wkh vwdwh e�� 
 e��= Lw lv hdv| wr
vhh wkdw li e�� dqg e�� duh sxuh/ wkhq e�� 
 e�� lv dovr sxuh dqg lv wkh surmhfwlrq
rshudwru rq wkh surgxfw yhfwru myl� 
 mzl� > zlwk myl� fruuhvsrqglqj wr e�� dqg
mzl� fruuhvsrqglqj wr e��=

Rqh fdq dovr irupxodwh wkh uhyhuvh sureohp= �qg vwdwhv +sxuh ru pl{hg, ri
vxev|vwhpv T� dqg T� nqrzlqj d vwdwh +sxuh ru pl{hg, ri wkh mrlqw v|vwhp
T� . T�1

Wkh suhvhqfh ri vxev|vwhp revhuydeohv surylghv d vxusulvlqjo| ulfk lqirupd0
wlrq derxw vwdwhv ri vxev|vwhpv1 Lqghhg/ ohw mzl 5 F2

� 
F2
� eh d jhqhudo +srvvleo|

hqwdqjohg, sxuh vwdwh ri wkh frpsrvlwh v|vwhp> wkh ghfrpsrvlwlrq ri mzl lq wkh
fdqrqlfdo edvh lv wkh iroorzlqj=

mzl @ zff m33l . zf� m34l . z�f m43l . z�� m44l =

Wdnh wkhq dq duelwudu| revhuydeoh uhohydqw wr T� =

eT� 
 e4� @ t�
eS�c� 
 e4� . t2

eS�c2 
 e4� =

Wkh phdq ydoxh kzm eT� 
e4� mzl ri eT� 
e4� rq wkh vwdwh mzl fdq eh h{suhvvhg
dv wkh phdq ydoxh ri eT� rq d +srvvleo| pl{hg, vwdwh e��= Zh zloo fdofxodwh lw lq
wkh fdqrqlfdo edvh=

kzm eT� 
 e4� mzl @
[

��c&,

zW
��z&, klmm eT� 
 e4� mnol

@
[

��c&,

zW
��z&, klm eT� mnl� kmm e4� mol�

@
[

��c&

zW
��z&� klm eT� mnl

@ Wu
�

eT�e��

�
>

zkhuh e�� lv dq rshudwru rq F2
� gh�qhg e|=

e�� @
[

��&

zW
��z&� mnl klm =

Wkh pdwul{ irup +lq wkh fdqrqlfdo edvh ri F2
�, ri wkh rewdlqhg rshudwru lv=

e�� @

�
zffzW

ff . zf�zW
f� zffzW

�f . zf�zW
��

z�fzW
ff . z��zW

f� z�fzW
�f . z��zW

��

�
=
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Lw lv hdv| wr �qg wkdw e�� lv d ghqvlw| rshudwru +wkh wudfh frqglwlrq Wu e�� @ 4 lv
khuh htxlydohqw wr wkh qrupdol}dwlrq frqglwlrq mkz mzlm2 @ 4 ,/ vr ghvfulehv d vwdwh

+pl{hg/ lq jhqhudo, ri wkh vxev|vwhp T�= Wkhq/ wkh �qdo irupxod Wu
�

eT�e��

�
fdq

eh lqwhusuhwhg dv wkh phdq ydoxh ri wkh revhuydeoh eT� lq wkh vwdwh e��= Wdnlqj lqwr
dffrxqw wkdw wkh gh�qlwlrq ri e�� grhv qrw ghshqg rq wkh vxev|vwhp revhuydeoh/
zh frqfoxgh wkdw e�� lv wkh vwdwh +fdoohg wkh uhgxfhg vwdwh, ri wkh vxev|vwhp T�>

surylghg wkh mrlqw v|vwhp T� . T� lv lq wkh sxuh vwdwh mzl = Wkh uhgxfhg vwdwh
e�� lv frpsohwho| ghwhuplqhg e| wkh surshuw|=

kzm eT� 
 e4� mzl @ Wu eT�e��

iru hyhu| revhuydeoh eT� ri wkh vxev|vwhp T�> vr wkdw wkh phdq ydoxh ri duelwudu|
revhuydeoh eT� ri wkh vxev|vwhp dw e�� lv wkh vdph dv wkh phdq ydoxh ri wkh
fruuhvsrqglqj �joredo� revhuydeoh eT� 
 e4� dw wkh fruuhvsrqglqj �joredo� vwdwh
mzl ri wkh mrlqw v|vwhp1

Wkh rewdlqhg uhvxow lv frqvlvwhqw zlwk wkh dvvxpswlrq pdgh hduolhu= rqh fdq
suryh wkdw wkh uhgxfhg vwdwh e�� rewdlqhg iurp d sxuh vwdwh mzl 5 F2

� 
 F2
� lq wkh

zd| ghvfulehg deryh lv d sxuh vwdwh +l1h1 Wu e�2
� @ 4, li dqg rqo| li wkh ruljlqdo sxuh

vwdwh mzl lv ri wkh surgxfw irup myl� 
 mxl� = Wkxv zh kdyh vroyhg wkh sureohp
ri gh�qlqj wkh vwdwh ri vxev|vwhp li wkh vwdwh ri wkh mrlqw v|vwhp lv sxuh1

Wkh surfhgxuh ri h{wudfwlqj e�� iurp d jlyhq sxuh vwdwh mzl 5 F2
� 
 F2

� lv
fdoohg wkh sduwldo wudfh ryhu lqgh{hv ri wkh vxev|vwhp T�/ ru wkh vwdwh uhgxfwlrq>
wkh iruphu hpskdvl}hv wkh irupdo dvshfw/ zkloh wkh odwwhu uhihuv wr wkh sk|vlfdo
lqwhusuhwdwlrq1

Li rqh frpsduhv wkh pdwul{ irup ri wkh ghqvlw| rshudwru mzl kzm ghvfulelqj
wkh vwdwh mzl =

mzl kzm @

3
EEC

zffzW
ff zffzW

f� zffzW
�f zffzW

��

zf�yW
ff zf�zW

f� zf�zW
�f zf�zW

��

z�fzW
ff z�fzW

f� z�fzW
�f z�fzW

��

z��zW
ff z��zW

f� z��zW
�f z��zW

��

4
FFD

zlwk wkh surylghg deryh pdwul{ irup ri wkh uhgxfhg ghqvlw| rshudwru/ wkh qdph
sduwldo wudfh ehfrphv fohdu= e�� lv rewdlqhg e| vxpplqj xs ryhu lqglfhv uhihuulqj
wr F2

�= Wklv lv uh hfwhg lq wkh vxjjhvwlyh qrwdwlrq=

e�� =@ Wu� mzl kzm =

Wkh vdph phwkrg fdq eh dssolhg wr gh�qh wkh uhgxfhg vwdwh ri wkh vhfrqg
vxev|vwhp T�> zh rewdlq=
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e�� @

�
zffzW

ff . z�fzW
�f zffzW

f� . z�fzW
��

z�fzW
ff . z��zW

f� zf�zW
f� . z��zW

��

�
>

dqg zulwh

e�� @ Wu� mzl kzm =

Wkh uhgxfwlrq surfhgxuh zklfk/ e| phdqv ri wkh sduwldo wudfhv/ jhqhudwhv e��

dqg e�� iurp wkh ghqvlw| rshudwru mzl kzm ri wkh sxuh vwdwh/ h{whqgv hdvlo| ryhu
jhqhudo ghqvlw| rshudwruv rq F2

� 
 F2
� 1 Zh surylgh iru ixuwkhu uhihuhqfhv wkh

dssursuldwh irupxodv= jlyhq d ghqvlw| rshudwru lq wkh fdqrqlfdo edvh

e� @

3
EEC

�ffcff �ffcf� �ffc�f �ffc��

�f�cff �f�cf� �f�c�f �f�c��

��fcff ��fcf� ��fc�f ��fc��

���cff ���cf� ���c�f ���c��

4
FFD >

wkh uhgxfhg ghqvlw| rshudwruv duh=

e�� @ Wu� e� @

�
�ffcff . �f�cf� �ffc�f . �f�c��

��fcff . ���cf� ��fc�f . ���c��

�
>

e�� @ Wu�e� @

�
�ffcff . ��fc�f �ffcf� . ��fc��

�f�cff . ���c�f �f�cf� . ���c��

�
=

Rzlqj wr wkh deryh irupxodv/ rqh fdq hdvlo| fdofxodwh uhgxfhg vwdwhv1 Iru
lqvwdqfh/ wkh uhgxfwlrqv ri irxu vwdwhv ri wkh Ehoo edvh duh=

Wu� mE&l kE&m @
4

5
e4� > Wu� mE&l kE&m @

4

5
e4� >

iru hyhu| n @ 4> 5> 6> 7= Wkxv/ doo vwdwhv ri wkh Ehoo edvh kdyh h{dfwo| wkh vdph
uhgxfwlrqv wr erwk vxev|vwhpv1 E| wkh zd|/ zh revhuyh dqrwkhu shfxoldulw| ri
wkh txdqwxp phfkdqlfdo ghvfulswlrq ri frpsrvlwh v|vwhpv= vwdwhv ri vxev|vwhpv
+wkh uhgxfhg vwdwhv, gr qrw ghwhuplqh wkh vwdwh ri wkh zkroh v|vwhp1

Zh frqfoxgh wklv Vxevhfwlrq zlwk wkh dqqrxqfhg hduolhu fulwhulrq ri hqwdq0

johphqw/ zklfk hqdeohv rqh wr glvwlqjxlvk qrq0hqwdqjohg sxuh vwdwhv dprqj doo
vwdwhv ri T� . T�= lw vkrxog eh fohdu qrz wkdw d sxuh vwdwh ri wkh mrlqw v|vwhp
T� . T� lv qrq0hqwdqjohg li dqg rqo| li lwv uhgxfwlrq wr T� +vr dovr wr T�, lv
d sxuh vwdwh/ rwkhuzlvh lw lv hqwdqjohg1 +Wkh frqfhsw ri hqwdqjohphqw iru pl{hg
vwdwhv lv wrr frpsolfdwhg wr eh glvfxvvhg khuh1,
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61<1 Wkh wlph hyroxwlrq ri vxev|vwhpv

Lw lv d jhqhudo uxoh ri txdqwxp phfkdqlfv wr uhsuhvhqw wkh wlph hyroxwlrq ri d
frqvhuydwlyh txdqwxp v|vwhp e| phdqv ri d g|qdplfdo jurxs ri xqlwdu| pdsv>
vxfk d jurxs lv dozd|v htxlydohqw wr vrph sduwlfxodu Vfkuùglqjhu htxdwlrq1 Wkh
gh�qlwlrq ri d xqlwdu| rshudwru surylghg lq Vxevhfwlrq 5143 lv jhqhudoo| ydolg/
vr rshudwruv zklfk duh frpsrqhqwv ri d g|qdplfdo jurxs ri d txdqwxp v|vwhp
vkrxog vdwlvi| wkh frqglwlrq=

eX eXW @ e4 =

Wkdw uxoh dssolhv lq sduwlfxodu wr d wzr0txelw v|vwhp> wkhuhiruh wkh wlph hyroxwlrq
ri d wzr0txelw v|vwhp dv d zkroh orrnv olnh wkh wlph hyroxwlrq ri dq| rwkhu
txdqwxp remhfw1 Zkdw lv erwk shfxoldu dqg lpsruwdqw khuh lv wkh idfw wkdw d
wlph hyroxwlrq ri d wzr0txelw v|vwhp grhv qrw gh�qh/ lq d jhqhudo fdvh/ dq| wlph
hyroxwlrq ri wkh wzr txelwv1

Ohw xv ehjlq zlwk d irupdo sureohp1 Wdnh d xqlwdu| rshudwru eX| zklfk ehorqjv
wr d g|qdplfdo jurxs dfwlqj rq d frpsoh{ olqhdu vsdfh F?1 Wkh dfwlrq ri eX|

ghvfulehv wkh wlph hyroxwlrq iurp wkh lqvwdqw 3 wr wkh lqvwdqw w= li myl lv wkh vwdwh
ri d txdqwxp v|vwhp dw wlph 3> wkhq eX| myl lv wkh vwdwh ri wkh v|vwhp dw wlph
w1 Wkdw uhihuv wr sxuh vwdwhv rqo|> zh vkrxog nqrz krz jhqhudo vwdwhv fkdqjh
lq wlph/ vr krz eX| dfwv rq ghqvlw| rshudwruv1 Wkh ghqvlw| rshudwru ghvfulelqj
wkh sxuh vwdwh uhsuhvhqwhg rwkhuzlvh e| wkh yhfwru myl lv wkh surmhfwlrq rshudwru
eS� @ myl kym = Wkh surmhfwlrq rshudwru fruuhvsrqglqj wr wkh sxuh vwdwh eX| myl lv

eX| myl kym eXW
| @ eX|

eS�
eXW

| =

Wdnlqj lqwr dffrxqw wkdw dq| ghqvlw| rshudwru fdq eh ghfrpsrvhg lqwr d olqhdu
frpelqdwlrq ri surmhfwlrq rshudwruv +vhh Vxevhfwlrq 618,/ zh frqfoxgh wkdw wkh
lqlwldo pl{hg vwdwh e� ri d txdqwxp v|vwhp vkrxog hyroyh xqghu eX| lqwr eX| e� eXW

| /

e� $ eX| e� eXW
| =

Uhwxuqlqj wr frqvlghuhg fdvh ri wzr0txelw v|vwhpv/ wdnh d xqlwdu| rshudwru
eX| rq F2

� 
 F2
�1 Li wkh lqlwldo +l1h1 dw wkh lqvwdqw 3, vwdwh ri wkh frpsrvlwh

v|vwhp T� . T� lv uhsuhvhqwhg e| wkh ghqvlw| rshudwru e�/ wkhq wkh vwdwh dw w lv
uhsuhvhqwhg e| eX| e� eXW

| = Dffruglqjo|/ wkh lqlwldo vwdwh ri wkh vxev|vwhp T� vkrxog

eh Wu� e� zkloh wkh vwdwh dw w 0 Wu�

�
eX| e� eXW

|

�
= Wkh wlph hyroxwlrq ri wkh vxev|vwhp

T� lqgxfhg e| wkh wlph hyroxwlrq ri wkh frpsrvlwh v|vwhp T� . T� lv=

Wu� e� $ Wu�

�
eX| e� eXW

|

�
=



45;

Wkh rewdlqhg �uhgxfhg g|qdplfv�/ frqwudu| wr rxu h{shfwdwlrqv/ lv qrw ri wkh
xqlwdu| w|sh= lw fdq/ iru lqvwdqfh/ wudqvirup wkh lqlwldo sxuh vwdwh lqwr d pl{hg
rqh +vhh dq h{dpsoh lq 614518,/ zkloh d xqlwdu| rshudwru dozd|v wudqvirupv sxuh
vwdwhv lqwr sxuh vwdwhv1 Wkh vlwxdwlrq lv hyhq zruvh= lw fdq kdsshq wkdw

Wu� e�� @ Wu� e�2

iru vrph ghqvlw| rshudwruv e��> e�2 rq F2
� 
 F2

�> zkloh

Wu�

�
eX| e��

eXW
|

�
9@ Wu�

�
eX| e�2

eXW
|

�
>

vr wkdw wkh d vwdwh ri T� zrxog hyroyh lqwr wzr gl�huhqw vwdwhv 0 wkdw phdqv wkdw
�uhgxfhg g|qdplfv� grhv qrw gh�qh dq| pds rq wkh vhw ri ghqvlw| rshudwruv rq
F2

�=

Vxev|vwhpv ri d wzr0txelw v|vwhp T� . T� hyroyh lq d xqlwdu| zd| li dqg

rqo| li wkh g|qdplfdo jurxs
q

eX| mw 5 U

r
rq F2

� 
F2
� suhvhuyhv wkh whqvru surgxfw

vwuxfwxuh ri F2
�
F2

� / l1h1 li dqg rqo| li hyhu| eX| pdsv whqvru surgxfwv lqwr whqvru
surgxfwv=

eX| myl� 
 mzl� @
��y��

�



��z��
�

iru hyhu| w 5 U/ myl� 5 F2
�/ dqg mzl� 5 F2

�= Rqh fdq suryh wkdw lq vxfk d fdvh

wkhuh duh wzr g|qdplfdo jurxsv=
q

eX�c| mw 5 U

r
rq F2

�/ dqg
q

eX�c| mw 5 U

r
rq F2

�/

vxfk wkdw
eX| @ eX�c| 
 eX�c|

iru hyhu| w 5 U1 Wkhuh duh vrxqg sk|vlfdo uhdvrqv wr eholhyh wkdw wkh rewdlqhg
vshfldo �whqvru surgxfw� wlph hyroxwlrq ri wkh frpsrvlwh v|vwhp fdq rffxu rqo|
li wkhuh lv qr lqwhudfwlrq ehwzhhq wkh wzr vxev|vwhpv1

Wkh idfw wkdw d jhqhudo xqlwdu| pds rq F2
�
F2

� grhv qrw suhvhuyh wkh surgxfw
vwuxfwxuh ri sxuh vwdwhv ohdgv wr wkh sdudgr{hv ri hqwdqjohphqw/ dv d frqvhuydwlyh
hyroxwlrq ri T� . T� fdq wudqvirup mxl� 
 myl� lqwr dq hqwdqjohg vwdwh1

61431 Hqwdqjohphqw

Wkh �uvw ghprqvwudwlrq ri vwudqjh surshuwlhv ri qrq0surgxfw vwdwhv ri txdqwxp
frpsrvlwh v|vwhpv zdv wkh Hlqvwhlq/ Srgrovn|/ dqg Urvhq +HSU, wkrxjkw h{shu0
lphqw +4<68,1 Wkh zrug hqwdqjohphqw lv d iuhh wudqvodwlrq ri wkh Jhupdq whup
Yhuvfkuçqnxqj/ lqwurgxfhg e| Vfkuùglqjhu +4<69, lq klv wkurxjkrxw glvfxvvlrq
ri wkh HSU sdshu1 Wkh HSU h{dpsoh uhihuv wr d jhqhudo/ lq�qlwh0glphqvlrqdo
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Kloehuw vsdfh1 Lwv vlpsohvw �qlwho| glphqvlrqdo dqdorjxh lqyroyhv wkh vr fdoohg
vlqjohw vwdwh ri wkh txdqwxp v|vwhp ri wzr vslq0kdoi remhfwv=

mEel =@
4s
5

+m34l � m43l, >

zklfk lv rqh ri vwdwhv ri wkh Ehoo edvh +vhh deryh,1 Lq idfw/ dq| rwkhu vwdwh ri wkh
Ehoo edvh zrxog gr htxdoo| zhoo1

Wkh fruuhvsrqglqj ghqvlw| rshudwru lq wkh fdqrqlfdo edvh ri F2
� 
 F2

� lv=

mEel kEem @
4

5

3
EEC

3 3 3 3
3 4 �4 3
3 �4 4 3
3 3 3 3

4
FFD >

vr wkh wzr uhgxfhg vwdwhv duh=

Wu� mEel kEem @
4

5

�
4 3
3 4

�
@

4

5
e4�>

Wu� mEel kEem @
4

5

�
4 3
3 4

�
@

4

5
e4�=

Fohduo|/ erwk rewdlqhg ghqvlw| rshudwruv +vwdwhv ri vxev|vwhpv, duh pl{wxuhv ri
wkh wzr vwdwhv ri fdqrqlfdo edvhv ri F2

� dqg ri F2
� uhvshfwlyho|=

Wu� mEel kEem @
4

5
+m3l k3m� . m4l k4m�, >

Wu� mEel kEem @
4

5
+m3l k3m� . m4l k4m�, =

Wkxv/ zh kdyh suryhg wkdw wkh HSU vwdwh mEel ri wkh wzr0txelw v|vwhp lv dq
hqwdqjohg vwdwh1

Frqvlghu qrz wkh vslq0frpsrqhqw revhuydeohv eV�c5 
 e4�> eV�c% 
 e4� ri wkh
vxev|vwhp D> wkhlu vshfwudo ghfrpsrvlwlrqv duh=

eV�c5 
 e4� @
4

5

�
4 3
3 3

�

 e4� � 4

5

�
3 3
3 4

�

 e4�>

eV�c% 
 e4� @
4

5

4

5

�
4 4
4 4

�

 e4� � 4

5

4

5

�
4 �4

�4 4

�

 e4�>
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D yrq Qhxpdqq phdvxuhphqw ri eV�c5 
 e4� rq mEel vkrxog wudqvirup wkh
ruljlqdo vwdwh lqwr wkh vwdwlvwlfdo pl{wxuh ri hljhq0vwdwhv zklfk/ dffruglqj wr wkh
odvw irupxod ri Vxevhfwlrq 618/ lv uhsuhvhqwhg e| wkh ghqvlw| rshudwru

e�5 @
��� eS5cfEe

H G
eS5cfEe

��� .
��� eS5c�Ee

H G
eS5c�Ee

��� >

zkhuh

eS5cf @

�
4 3
3 3

�

 e4� > eS5c� @

�
3 3
3 4

�

 e4� >

dqg
��� eS�Ee

H G
eS�Ee

��� ghqrwhv wkh surmhfwlrq rshudwru gh�qhg e| wkh yhfwru eS� mEel =

Lw lv hdv| wr fdofxodwh wkdw wkh srvw0phdvxuhphqw ghqvlw| rshudwru lv=

e�5 @
4

5
m3> 4l k3> 4m .

4

5
m4> 3l k4> 3m @

4

5

3
EEC

3 3 3 3
3 4 3 3
3 3 4 3
3 3 3 3

4
FFD =

Wkxv/ dffruglqj wr zkdw rqh frxog h{shfw/ wkh yrq Qhxpdqq phdvxuhphqw
ri wkh }0wkh frpsrqhqw ri vslq ri wkh vxev|vwhp D rq wkh hqwdqjohg vwdwh mEel
wudqvirupv wkh frpsrvlwh v|vwhp lqwr wkh pl{hg vwdwh ri wzr vwdwhv m3> 4l dqg
m4> 3l zlwk vwdwlvwlfdo zhljkwv �

2 = Qrwlfh wkdw wkh vxev|vwhp E diwhu d vlqjoh wuldo
vkrxog eh lq rqh ri wkh vwdwhv m4l� ru m3l� zlwk suredelolw| �

2 > vr dssduhqwo|
vkrxog kdyh lwv vslq rulhqwhg dorqj wkh }0wkh d{lv1

Zkdw kdsshqv li zh zrxog phdvxuh wkh {0wk frpsrqhqw ri vslq ri wkh vxev|v0
whp D B Olnh deryh/ d yrq Qhxpdqq phdvxuhphqw ri eV�c% 
 e4� rq mEel vkrxog
wudqvirup wkh ruljlqdo vwdwh lqwr wkh vwdwlvwlfdo pl{wxuh

e�% @
��� eS%cfEe

H G
eS%cfEe

��� .
��� eS%c�Ee

H G
eS%c�Ee

��� >

zkhuh

eS%cf @
4

5

�
4 4
4 4

�

 e4� > eS%c� @

4

5

�
4 �4

�4 4

�

 e4� =

Wkh srvw0phdvxuhphqw vwdwh lv qrz

e�% @
4

5
m3%> 4%l k3%> 4%m .

4

5
m4%> 3%l k4%> 3%m @

4

7

3
EEC

4 3 3 �4
3 4 �4 3
3 �4 4 3

�4 3 3 4

4
FFD =

Zh vhh wkdw wkh yrq Qhxpdqq phdvxuhphqw ri wkh {0wkh frpsrqhqw ri vslq
ri wkh vxev|vwhp D rq wkh hqwdqjohg vwdwh mEel wudqvirupv wkh frpsrvlwh v|vwhp
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lqwr wkh pl{hg vwdwh ri m3%> 4%l dqg m4%> 3%l zlwk vwdwlvwlfdo zhljkwv �
2 = Qrz/ wkh

vxev|vwhp E diwhu d vlqjoh wuldo vkrxog eh lq rqh ri wkh vwdwhv m4%l� ru m3%l� zlwk
suredelolw| �

2 > vr dssduhqwo| vkrxog kdyh lwv vslq rulhqwhg dorqj wkh {0wk d{lv $
D srsxodu lqwhusuhwdwlrq lv wkh iroorzlqj= li wkh frpsrvlwh v|vwhp lv lq wkh

hqwdqjohg vwdwh mEel/ vslqv ri wkh wzr vxev|vwhpv duh vwurqjo| fruuhodwhg lq d
p|vwhulrxv zd| vxfk wkdw d yrq Qhxpdqq phdvxuhphqw ri dq| vslq frpsrqhqw
ri wkh vxev|vwhp D fkdqjh wkh gluhfwlrq ri vslq ri wkh vxev|vwhp E= Wkdw lv
wkh doohjhg qrq0orfdo h�hfw glvfryhuhg e| HSU/ dqg fdoohg wkh hqwdqjohphqw1 D
fduhixo frqvlghudwlrq vkrzv +vhh wkh qh{w Vxevhfwlrq, wkdw wklv lqwhusuhwdwlrq lv
xqirxqghg1

Luuhvshfwlyh ri wkh lqwhusuhwdwlrq zh dvvxph/ surshuwlhv ri hqwdqjohg vwdwhv
duh edvlf iru txdqwxp whohsruwdwlrq/ txdqwxp huuru fruuhfwlrq/ txdqwxp ghqvh
frglqj/ txdqwxp fu|swrjudsk|/ hwf1

61441 Ehoo*v whohskrqh

Dv dq h{dpsoh ri sdudgr{lfdo surshuwlhv ri wkh HSU fruuhodwlrqv zh glvfxvv eulh |
wkh iroorzlqj lghd1

Pdq| frslhv ri wkh wzr0txelw v|vwhp T� . T� duh suhsduhg lq wkh vwdwh mEel
dqg wkhq wkh| duh vsdwldoo| vhsdudwhg= wkh hqvhpeoh ri T� lv vhqw wr Dolfh/ zkloh
wkh hqvhpeoh ri T� wr Ere1 Qrz/ li Dolfh zdqwv wr vhqg d rqh0elw phvvdjh wr Ere/
vkh fkrrvhv wr phdvxuh +lq wkh yrq Qhxpdqq zd|, hlwkhu eV�c5 
e4� ru eV�c%
e4� iru
doo vdpsohv ri T� vkh kdv1 Khu dfwlrq suhsduhv Ere*v txelw T� lq wkh pl{hg vwdwh
�
2 m3l k3m� . �

2 m4l k4m� +doo vslqv dorqj wkh }0wk d{lv,/ ru lq �
2 m3%l k3%m� . �

2 m4%l k4%m�
+doo vslqv dorqj wkh {0wk d{lv,1 Wkdw vxjjhvwv d phfkdqlvp iru d idvwhu0wkdq0oljkw
frppxqlfdwlrq/ fdoohg wkh �Ehoo whohskrqh�1

D pruh fduhixo glvfxvvlrq vkrzv/ krzhyhu/ d  dz lq wkdw vfkhph1 Lw kdv
ehhq ghprqvwudwhg deryh wkdw Dolfh*v phdvxuhphqw wudqvirupv wkh ruljlqdo vwdwh
mEel ri T� . T� lqwr �

2 m3> 4l k3> 4m . �
2 m4> 3l k4> 3m +li vkh ghflghg wr phdvxuh

eV�c5 
e4�,/ ru lqwr
�
2 m3%> 4%l k3%> 4%m . �

2 m4%> 3%l k4%> 3%m +li vkh ghflghg wr phdvxuh
eV�c% 
 e4�,1 Zkdw Ere fdq revhuyh lv wkh vwdwh ri wkh vxev|vwhp T�> zklfk
zh fdofxodwh dsso|lqj wkh uhgxfwlrq surfhgxuh ri Vxevhfwlrq 61; wr wkh srvw0
phdvxuhphqw vwdwhv1 Zh rewdlq

Wu�

�
4

5
m3> 4l k3> 4m .

4

5
m4> 3l k4> 3m

�
@

4

5
m3l k3m� .

4

5
m4l k4m�

@
4

5

�
4 3
3 4

�
@

4

5
e4�

zkhq Dolfh phdvxuhg eV�c5 
 e4�> dqg
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Wu�

�
4

5
m3%> 4%l k3%> 4%m .

4

5
m4%> 3%l k4%> 3%m

�
@

4

5
m3%l k3%m� .

4

5
m4%l k4%m�

@
4

5

�
4 3
3 4

�
@

4

5
e4�

zkhq Dolfh phdvxuhg eV�c% 
 e4�= Wkxv/ wkh wzr dssduhqwo| gl�huhqw irupxodv/
�
2 m3l k3m� . �

2 m4l k4m� dqg �
2 m3%l k3%m� . �

2 m4%l k4%m� > ghvfuleh lq idfw wkh vdph
vwdwh ri T� / vr wkh phvvdjh vhqw e| Dolfh lv xquhdgdeoh iru Ere1 Ere/ revhuylqj
wkh vxev|vwhp T�> lv qrw deoh wr glvwlqjxlvk ehwzhhq wkh wzr dfwlrqv Dolfh fdq
shuirup1

Pruhryhu/ wkh vwdwh ri T� diwhu dq| ri Dolfh*v phdvxuhphqwv lv h{dfwo| wkh
vdph dv ehiruh= zh kdyh vkrzq deryh wkdw

Wu� mEel kEem @
4

5
e4�=

Wkxv/ Dolfh fkdqjhv wkh vwdwh ri wkh zkroh wzr0txelw v|vwhp/ exw vkh grhv
qrw fkdqjh wkh vwdwh ri Ere*v txelw= Ere lv hyhq qrw dzduh wkdw Dolfh kdv grqh
vrphwklqj wr khu txelw $ Wkh vdph frqfhuqv Dolfh*v txelw= khu phdvxuhphqwv gr
qrw fkdqjh wkh uhgxfhg vwdwh ri T�/ zkdw fdq eh fdofxodwhg lq wkh vdph zd| dv
deryh1

61451 Wzr0txelw jdwhv

Vrph xqlwdu| rshudwruv rq wkh vwdwh vsdfh F2
� 
 F2

� ri d wzr0txelw v|vwhp duh
ri sduwlfxodu lpsruwdqfh iru txdqwxp frpsxwlqj/ wkh| duh fdoohg wzr0txelw jdwhv1
Fohduo|/ dq| sdlu ri xqlwdu| rshudwruv eX� = F2

� $ F2
�> eX� = F2

� $ F2
� gh�qhv wkh

xqlwdu| rshudwru eX� 
 eX� rq F2
� 
 F2

� +vhh Vxevhfwlrq 619,/ exw wkhuh duh dovr
ohvv wulyldo xqlwdu| rshudwruv rq F2

� 
 F2
�1

6145141 Rqh0txelw jdwhv iru wzr0txelw v|vwhpv

Ohw eX� = F2
� $ F2

� eh dq duelwudu| xqlwdu| pds rq wkh vwdwh vsdfh ri wkh txelw

T�> lq sduwlfxodu eX� fdq eh rqh ri wkh vlqjoh0txelw jdwhv phqwlrqhg deryh1 Wkh
surgxfw eX� 
 e4� lv d xqlwdu| rshudwru rq F2

� 
 F2
�> lq wkh fdqrqlfdo edvh
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eX� 
 e4� @

3
EEC

X�cff 3 X�cf� 3
3 X�cff 3 X�cf�

X�c�f 3 X�c�� 3
3 X�c�f 3 X�c��

4
FFD

@ eX� 
 m3l k3m� . eX� 
 m4l k4m� =

Wkh rshudwru eX� 
 e4� dfwlqj rq d surgxfw vwdwh grhv qrw fkdqjh wkh vhfrqg
idfwru= �

eX� 
 e4�

�
+myl� 
 mzl�, @

�
eX� myl�

�

 mzl� >

zkloh lwv dfwlrq rq wkh �uvw idfwru lv mxvw wkh dfwlrq ri eX�= Wkdw h{sodlqv wkh
frpprq lqwhusuhwdwlrq ri d jdwh olnh eX� 
 e4� dv wkh vlqjoh0txelw jdwh eX� dfwlqj
rq d wzr0txelw v|vwhp T� . T�= Wkh jdwh eX� 
 e4� lv xvxdoo| ghqrwhg eX�=

Dv dq h{dpsoh zh vkrz wkdw Sdxol pdwulfhv frqvlghuhg dv rshudwruv rq F2
� 


F2
� wudqvirup mEel lqwr yhfwruv ri wkh Ehoo edvlv +zh zloo qhhg wklv ehorz/ vhh

Vxevhfwlrq 6147,=

�%c� 
 e4� mEel @
4s
5

+�%c� m3l� 
 m4l� � �%c� m4l� 
 m3l�,

@
4s
5

+m44l � m33l, @ � mE2l

�+c� 
 e4� mEel @
4s
5

+�+c� m3l� 
 m4l� � �+c� m4l� 
 m3l�,

@
ls
5

+m44l . m33l, @ l mE�l >

�5c� 
 e4� mEel @
4s
5

+�5c� m3l� 
 m4l� � �5c� m4l� 
 m3l�,

@
4s
5

+m34l . m43l, @ mE�l >

e4� 
 e4� mEel @ e4 mEel @ mEel =

6145151 Wzr0txelw QRW jdwh

Wkh wzr0txelw QRW jdwh lv wkh wzr0txelw jdwh zklfk  lsv wkh vwdwh ri hyhu| txelw1
Lw lv vlpso| wkh whqvru surgxfw ri wzr vlqjoh0txelw QRW jdwhv=
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eX��A =@ eX��Ac� 
 eX��Ac� @

3
EEC

3 3 3 4
3 3 4 3
3 4 3 3
4 3 3 3

4
FFD >

dfwlqj lqghshqghqwo| rq erwk txelwv=

eX��A m33l @ m44l > eX��A m34l @ m43l >

eX��A m43l @ m34l > eX��A m44l @ m33l =

Wkh wzr0txelw QRW jdwh lv xvxdoo| fdoohg mxvw QRW jdwh/ ehfdxvh wkh frqwh{w
lpsolhv wkdw lw dfwv rq wzr txelwv1

Lw lv lqwhuhvwlqj wr qrwh wkdw yhfwruv ri wkh Ehoo edvh duh hljhqvwdwhv ri wkh
wzr0txelw QRW jdwh=

eX��A mE�l @ mE�l > eX��A mE2l @ � mE2l >

eX��A mE�l @ mE�l > eX��A mEel @ � mEel =

6145161 Wzr0txelw Kdgdpdug jdwh

Wkh whqvru surgxfw ri wzr Kdgdpdug jdwhv eX�cO 
 eX�cO shuirupv wkh Kdgdpdug
wudqvirup rq hyhu| ri wkh wzr txelwv vhsdudwho|1 Wkh pdwul{ irup ri wkh wzr0txelw
Kdgdpdug jdwh eXO lv=

eXO =@ eX�cO 
 eX�cO @
4s
5

�
4 4
4 �4

�

 4s

5

�
4 4
4 �4

�

@
4

5

3
EEC

4 4 4 4
4 �4 4 �4
4 4 �4 �4
4 �4 �4 4

4
FFD

Wkh wzr0txelw Kdgdpdug jdwh dfwlqj rq yhfwruv ri wkh fdqrqlfdo edvh sur0
gxfhv vxshusrvlwlrqv ri doo yhfwruv ri wkh fdqrqlfdo edvh zklfk/ krzhyhu/ duh qrw
hqwdqjohg1 Iru lqvwdqfh=

eXO m33l @ eX�cO m3l� 
 eX�cO m3l�

@
4s
5

+m3l� . m4l�, 
 4s
5

+m3l� . m4l�,

@
4

5
+m33l . m34l . m43l . m44l, =
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6145171 Wzr0txelw surgxfw jdwhv dqg rqh0txelw jdwhv

D gluhfw fdofxodwlrq ghprqvwudwhv wkdw
�

eX� 
 e4�

� �
e4� 
 eX�

�
@ eX� 
 eX�

iru dq| wzr xqlwdu| rshudwruv eX�> eX�= Lw phdqv wkdw wkh dfwlrq ri e4�
 eX� iroorzhg
e| eX� 
 e4� lv wkh vdph dv wkh vlpxowdqhrxv dfwlrq ri erwk eX� dqg eX� rq wkh
uhvshfwlyh txelwv1 Wkxv/ lq sduwlfxodu/ wkh wzr0txelw Kdgdpdug jdwh eXO @ eX�cO

eX�cO fdq eh uhdol}hg dv wkh vxffhvvlyh dfwlrq

�
eX�cO 
 e4�

� �
e4� 
 eX�cO

�
ri wzr

rqh0txelw Kdgdpdug jdwhv1

6145181 FQRW jdwh

Wkh frqwuroohg0QRW jdwh +wkh FQRW jdwh, lv uhsuhvhqwhg lq wkh fdqrqlfdo edvh
e| wkh 7 � 7 xqlwdu| pdwul{

eX���A =@

3
EEC

4 3 3 3
3 4 3 3
3 3 3 4
3 3 4 3

4
FFD

@ m3l k3m� 
 e4� . m4l k4m� 
 eX�c��A =

Wkh dfwlrq ri eX���A rq yhfwruv ri wkh fdqrqlfdo edvh ri F2
� 
 F2

� lv=

eX���A m33l @ m33l > eX���A m34l @ m34l >

eX���A m43l @ m44l > eX���A m44l @ m43l =

Wkxv/ li wkh txelw T� lv lq wkh vwdwh m3l� > wkhq eX���A grhv qrw fkdqjh wkh vwdwh

ri wkh txelw T� / zkloh li T� lv lq wkh vwdwh m4l� > wkhq eX���A  lsv wkh vwdwh ri
T�= Ehfdxvh ri wkdw/ T� lv fdoohg wkh frqwuro txelw/ zkloh T� 0 wkh wdujhw txelw1

Wkh qdph �frqwuro txelw� lv plvohdglqj dv lw vxjjhvwv wkdw qr vwdwh ri T�

lv fkdqjhg e| wkh FQRW jdwh1 Lw lv qrw wuxh= li/ iru lqvwdqfh/ eX���A dfwv rq
�I
2

+m3l� . m4l�, 
 m3l� > zh rewdlq

eX���A
4s
5

+m3l� . m4l�, 
 m3l� @
4s
5

eX���A m33l .
4s
5

eX���A m43l

@
4s
5

+m33l . m44l, @ mE�l >
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vr eX���A wudqvirupv wkh ruljlqdo sxuh vwdwh �I
2

+m3l� . m4l�, ri T� lqwr wkh

pl{hg vwdwh

Wu� mE�l kE�m @
4

5
e4� >

frps1 Vxevhfwlrq 61;1 E| wkh zd|/ zh jhw dq h{dpsoh looxvwudwlqj wkh vwdwhphqw
ri Vxevhfwlrq 61< wkdw wkh uhgxfhg g|qdplfv lv deoh wr wudqvirup sxuh vwdwhv lqwr
pl{hg1

Wkh dfwlrq ri wzr FQRW jdwhv rqh diwhu wkh rwkhu grhv qrw fkdqjh dq|wklqj=

eX���A
eX���A @ e4>

zkdw lv hdv| wr fkhfn1 Wkdw phdqv wkdw wkh vhfrqg FQRW jdwh qxool�hv zkdw wkh
�uvw rqh kdv grqh1 Lq sduwlfxodu/ dsso|lqj wklv wr wkh odvw h{dpsoh zh jhw=

eX���A
eX���A

4s
5

+m3l� . m4l�, 
 m3l� @ eX���A
4s
5

+m33l . m44l,

@
4s
5

+m3l� . m4l�, 
 m3l� >

zkdw vkrzv wkdw eX���A fdq wudqvirup vrph hqwdqjohg vwdwhv lqwr qrq0hqwdqjohg
rqhv1 Vxfk d wudqvirupdwlrq ri dq hqwdqjohg vwdwh lqwr d qrq0hqwdqjohg rqh lv
fdoohg glvhqwdqjohphqw1

Wkh FQRW jdwh lv dovr fdoohg wkh txdqwxp [RU jdwh/ ehfdxvh lwv dfwlrq rq
yhfwruv ri wkh fdqrqlfdo edvh fdq eh eulh | vxppdul}hg dv=

eX���A mlml @ ml> l � ml >

zkhuh l> m @ 3> 4> dqg � ghqrwhv wkh dgglwlrq prgxor 51
Lw vkrxog eh qrwlfhg wkdw rqh fdq fkdqjh wkh uroh ri txelwv dqg wdnh T� wr

eh wkh wdujhw txelw/ dqg T� 0 wr eh wkh frqwuro rqh1 Vxfk prgl�hg FQRW jdwh
eX �

���A dfwv rq wkh fdqrqlfdo edvh lq wkh iroorzlqj zd|=

eX �
���A mlml @ ml � m> ml =

Wkh pdwul{ irup ri eX �
���A lv=

eX �
���A @

3
EEC

4 3 3 3
3 3 3 4
3 3 4 3
3 4 3 3

4
FFD =

Wkh FQRW jdwh lv suredeo| wkh vlpsohvw wzr0txelw jdwh zklfk grhv qrw gh0
frpsrvh lqwr d whqvru surgxfw ri vlqjoh0txelw jdwhv/ khqfh lwv dfwlrq fdq surgxfh
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hqwdqjohg vwdwhv1 Lw ehfrph yhu| srsxodu vlqfh wkh glvfryhu| ^4` wkdw hyhu| +pxowl0
txelw, txdqwxp jdwh fdq eh ghfrpsrvhg lqwr d vhtxhqfh ri rqh0txelw urwdwlrqv
dqg wzr0txelw FQRW jdwhv1

6145191 Frqwuroohg0X jdwh

Wkh FQRW jdwh dgplwv d qdwxudo jhqhudol}dwlrq= li eX� lv dq duelwudu| vlqjoh0txelw
jdwh dfwlqj rq T�>

eX� @

�
X�cff X�cf�

X�c�f X�c��

�
>

wkhq wkh 7 � 7 pdwul{

eX�3N =@

3
EEC

4 3 3 3
3 4 3 3
3 3 X�cff X�cf�

3 3 X�c�f X�c��

4
FFD

@ m3l k3m� 
 e4� . m4l k4m� 
 eX�

dfwv rq wkh fdqrqlfdo edvh lq wkh zd| jhqhudol}lqj wkh dfwlrq ri FQRW jdwh=

eX�3N m33l @ m33l > eX�3N m34l @ m34l >

eX�3N m43l @ m4l� 
 eX� m3l� >

eX�3N m44l @ m4l� 
 eX� m4l� =

Vxfk d jdwh lv fdoohg wkh frqwuroohg0X jdwh1

61451:1 Wzr0txelw txdqwxp Irxulhu wudqvirup

Wkh q0txelw jdwh fdoohg txdqwxp Irxulhu wudqvirup lv dq lpsruwdqw lqjuhglhqw
ri wkh Vkru idfwrul}dwlrq dojrulwkp1 Lq wkh frqvlghuhg fdvh ri wzr txelwv/ wkh
txdqwxp Irxulhu wudqvirup lv ghvfulehg e| wkh pdwul{=

eX8 @
4

5

3
EEC

4 4 4 4
4 l �4 �l

4 �4 4 �4
4 �l �4 l

4
FFD =
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61461 Vlpsoh txdqwxp flufxlwv

6146141 Gldjudpv iru txdqwxp flufxlwv

D txdqwxp dojrulwkp frqvlvwv ri d vhtxhqfh ri txdqwxp jdwhv dfwlqj rqh diwhu
dqrwkhu/ vxfk d vhtxhqfh lv fdoohg d txdqwxp jdwh duud| ru d txdqwxp flufxlw1 Lq
wkh wudglwlrqdo txdqwxp0phfkdqlfdo qrwdwlrq/ d txdqwxp jdwh duud| lv ghvfulehg
vlpso| dv wkh vhtxhqfh ri fruuhvsrqglqj xqlwdu| rshudwruv1 Iru lqvwdqfh/

eXO
eX���A mzl

phdqv wkdw wkh FQRW jdwh dfwv rq wkh wzr0txelw vwdwh mzl > dqg wkhq wkh wzr0
txelw Kdgdpdug jdwh dfwv rq wkh uhvxowlqj vwdwh1 Krzhyhu/ li wkh qxpehu ri
lqyroyhg rshudwruv lqfuhdvhv/ irupxodv ri wkdw nlqg ehfrph revfxuh1

D pruh frqyhqlhqw qrwdwlrq lv surylghg e| vshfldo gldjudpv/ fdoohg vrphwlphv
txdqwxp qhwzrunv1 Jhqhudo uxohv ri gudzlqj vxfk gldjudpv duh=

0 txelwv duh ghqrwhg e| krul}rqwdo olqhv v|perol}lqj wkhlu wlph hyroxwlrq/ wlph
 rzv iurp ohiw wr uljkw/

0 lqlwldo2�qdo vwdwh ri d txelw lv ghqrwhg e| d v|pero sodfhg dw wkh ohiw2uljkw
hqg ri wkh fruuhvsrqglqj olqh/

0 sduwlfxodu rqh0txelw jdwhv duh ghqrwhg e| v|perov sodfhg rq wkh fruuhvsrqg0
lqj olqhv/

0 sduwlfxodu wzr0txelw jdwhv duh ghqrwhg e| v|perov rq wzr fruuhvsrqglqj
olqhv frqqhfwhg e| d yhuwlfdo olqh/

0 jhqhudo jdwhv duh ghqrwhg e| yhuwlfdo uhfwdqjohv ryhuodslqj wkh olqhv fruuh0
vsrqglqj wr wkh txelwv wkh| dfw rq1

Wkhuh duh dovr pruh vshfl�f uxohv lqwurgxfhg dg krf e| ydulrxv dxwkruv1 Zh
surylgh ehorz vlpsoh h{dpsohv ri txdqwxp flufxlwv iru wzr txelwv1

6146151 Txdqwxp flufxlw fuhdwlqj hqwdqjohg vwdwhv

Ohw xv uhfdoo wkdw wkh Kdgdpdug jdwh wudqvirupv yhfwruv ri wkh fdqrqlfdo edvh ri
T� lqwr wkhlu vxshusrvlwlrqv=

eX�cO m3l� @
4s
5

+m3l� . m4l�, > eX�cO m4l� @
4s
5

+m3l� � m4l�, =

Khqfh/ wkh vxffhvvlyh dssolfdwlrq ri eX�cO wr m3l� > dqg wkhq ri eX���A wr�
eX�cO m3l�

�

 m3l� surgxfhv dq hqwdqjohg vwdwh=
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eX���A

�
eX�cO 
 e4�

�
m33l @ eX���A

4s
5

+m3l� . m4l�, 
 m3l�

@ eX���A
4s
5

+m33l . m43l,

@
4s
5

+m33l . m44l,

Wkh wzr jdwhv dfwlqj rqh diwhu dqrwkhu surylgh d vlpsoh h{dpsoh ri d txdqwxp
jdwh duud|1 Wkh fruuhvsrqglqj gldjudp lv=

Lw lv hdv| wr fkhfn wkdw wkh deryh gh�qhg flufxlw wudqvirupv yhfwruv ri wkh
fdqrqlfdo edvh lqwr yhfwruv ri wkh Ehoo edvh=

eX���A
eX�cO m33l @

4s
5

+m33l . m44l, @ mE�l >

eX���A
eX�cO m34l @

4s
5

+m34l . m43l, @ mE�l >

eX���A
eX�cO m43l @

4s
5

+m33l � m44l, @ mE2l >

eX���A
eX�cO m44l @

4s
5

+m34l � m43l, @ mEel =

6146161 Vzds jdwh

Lw dsshduv xvhixo lq vrph flufxpvwdqfhv wr lqwhufkdqjh vwdwhv ri wzr txelwv1 Wklv
fdq eh dfklhyhg e| d vxffhvvlyh dfwlrq ri wkuhh FQRW jdwhv=
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Lqghhg/ wklv vlpsoh txdqwxp jdwh duud| vzdsv vwdwhv ri T� dqg T� lq wkh fdqrq0
lfdo edvh=

eX���A
eX �

���A
eX���A mlml @ eX���A

eX �
���A ml> l � ml

@ eX���A mm> l � ml
@ mmll >

zkhuh l> m @ 3> 4> dqg eX �
���A ghqrwhv wkh FQRW jdwh zlwk T� 0 wkh wdujhw txelw1

Wkh pdwul{ irup ri wkdw flufxlw=

eX���A
eX �

���A
eX���A @
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Dq hohphqwdu| fdofxodwlrq vkrzv wkdw wkh ghvfulehg flufxlw/ fdoohg wkh vzds jdwh/
lqwhufkdqjhv vwdwhv ri wzr txelwv lq duelwudu| surgxfw vwdwh=

eX���A
eX �

���A
eX���A myl� 
 mzl� @ mzl� 
 myl� =

61471 Ghqvh frglqj

Wkh �vlqjoh0txelw fkdqqho� ghvfulehg lq Vxevhfwlrq 51< ehfrphv pruh h!flhqw li
Dolfh dqg Ere zrxog xvh d sdlu ri hqwdqjohg txelwv1 Vxssrvh wkdw wkh wzr0txelw
v|vwhp T� . T� zdv suhsduhg lq wkh hqwdqjohg vwdwh mEel @ �I

2
+m34l � m43l, >

dqg wkhq wkh txelw T� zdv vhqw wr Dolfh dqg T� wr Ere1 Dolfh lv jrlqj wr xvh khu
txelw wr vhqg d wzr0elw phvvdjh wr Ere1 Vkh nqrzv wkdw wkh irxu Sdxol pdwulfhv
wudqvirup mEel lqwr irxu pxwxdoo| ruwkrjrqdo vwdwhv ri wkh Ehoo edvh +vhh deryh,=

�%c� 
 e4� mEel @ � mE2l
�+c� 
 e4� mEel @ l mE�l >

�5c� 
 e4� mEel @ mE�l >

e4� 
 e4� mEel @ mEel >
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vr vkh lqihuv wkdw khu �orfdo� dfwlrq rq wkh txelw T� e| phdqv ri rqh ri wkh irxu
Sdxol jdwhv zloo fkdqjh wkh vwdwh ri wkh wzr0txelw v|vwhp T� . T�=

Krzhyhu/ Ere/ revhuylqj klv txelw/ lv qrw deoh wr lghqwli| Dolfh*v pdqlsxod0
wlrqv/ dv wkh uhgxfwlrqv wr T� ri doo Ehoo vwdwhv duh wkh vdph=

Wu� mE&l kE&m @
4

5
e4� > n @ 4> 5> 6> 7

+vhh Vxevhfwlrq 61;,1 Wkh vlwxdwlrq uhvhpeohv wkdw ri wkh Ehoo whohskrqh1 Zkdw
Dolfh fdq gr lv wr vhqg khu txelw wr Ere wkurxjk wkh rqh0txelw fkdqqho wkh| duh
olqnhg xs= kdylqj erwk txelwv Ere rewdlqv wkh srvvlelolw| wr frqwuro wkh zkroh
v|vwhp T� . T� dqg wr lghqwli| lwv vwdwh1

Krz kh frxog gr wkdw B Wkh irxu vwdwhv ri wkh Ehoo edvh duh pxwxdoo| ru0
wkrjrqdo/ vr zh fdq hdvlo| frqvwuxfw d vhoi0dgmrlqw rshudwru zklfk kdv irxu qrq0
ghjhqhudwh hljhqydoxhv/ dqg vxfk wkdw lwv vhw ri hljhqvwdwhv lv h{dfwo| wkh Ehoo
edvh1 D jhqhudo irup ri vxfk dq rshudwru lv=

eT @
e[

&'�

t& mE&l kE&m >

zkhuh t�> ===> te duh duelwudulo| fkrvhq dqg pxwxdoo| glvwlqfw uhdo qxpehuv1 Dq|
ri vxfk rshudwruv/ dffruglqj wr wkh �up eholhi ri sk|vlflvwv/ uhsuhvhqwv vrph h{0
shulphqwdoo| phdvxudeoh txdqwlw| +dq revhuydeoh,1 Li wkhq Ere zrxog phdvxuh eT
rq wkh joredo vwdwh ri T� . T�> wkh uhvxow ri d vlqjoh wuldo zloo lghqwli| wkh vwdwh
ri T� . T�> ehfdxvh wkh suh0phdvxuhphqw vwdwh +suhsduhg e| Dolfh, lv rqh ri
hljhqvwdwhv ri eT=

Wkh txdqwxp lqirupdwlrq fkdqqho zklfk zh mxvw ghvfulehg lv lq pdq| uhvshfwv
vlplodu wr wkdw lqwurgxfhg lq Vxevhfwlrq 51<1 Wkh hqfrglqj dssdudwxv lv khuh wkh
rqh zklfk fdq lpsohphqw duelwudu| rqh0txelw Sdxol jdwh/ zkloh wkh ghfrglqj lv
surylghg e| d vlqjoh phdvxuhphqw ri dq revhuydeoh eT= Zkdw lv hvvhqwldoo| qhz/
lv wkdw erwk Dolfh dqg Ere kdyh wr wkhlu glvsrvdo txelwv zklfk wrjhwkhu duh lq
dq hqwdqjohg vwdwh1 Rzlqj wr wklv/ wkh vlqjoh txelw vhqw e| Dolfh wr Ere zdv d
fduulhu ri wzr elwv ri fodvvlfdo lqirupdwlrq/ ehfdxvh Dolfh*v fkrlfh ri rqh ri irxu
Sdxol jdwhv hqfrghg wzr fodvvlfdo elwv1

Zkdw lv dovr uhpdundeoh lq wkh ghvfulehg �hqwdqjohphqw hqkdqfhg rqh0txelw
fkdqqho� lv wkdw Dolfh*v wudqvplvvlrq lv shuihfwo| vhfxuh djdlqvw hdyhvgursslqj1
Hyh/ wkh vqdn| hqhp| ri Dolfh dqg Ere/ fdqqrw uhdg dq| lqirupdwlrq r� wkh
txelw vhqw e| Dolfh/ ehfdxvh T� dorqh lv lq wkh vwdwh �

2
e4� iru hyhu| Ehoo vwdwh ri

T� .T�1 Wkh lqirupdwlrq Dolfh vhqgv wr Ere lv frghg lq wkh pxwxdo fruuhodwlrqv
ehwzhhq T� dqg T�> vr fdq eh uhdg r� rqo| li rqh jhwv erwk txelwv1
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71 Frqfoxglqj uhpdunv

Lq wkh vhfrqg sduw ri wklv sdshu zh zdqw wr ghvfuleh wkuhh0txelw v|vwhpv/ wkuhh0
txelw jdwhv dqg wkuhh0txelw jdwh duud|v/ dqg wkh h�hfw fdoohg txdqwxp whohsruwd0
wlrq zklfk dsshduv wr eh dq lpsruwdqw uhvrxufh iru txdqwxp frpsxwdwlrq1 Zh
zloo glvfxvv dovr wkh jhqhudo frqfhsw ri txdqwxp jdwh duud|/ surylgh vlpsoh h{0
dpsohv ri vxfk duud|v/ dqg h{sodlq wkh uroh ri txdqwxp sdudooholvp1 Ilqdoo| zh
duh jrlqj wr suhvhqw h{dpsohv ri txdqwxp dojrulwkpv1

D uhdghu zkr zdqwv wr vhh wkh prvw uhfhqw ruljlqdo sdshuv rq txdqwxp frp0
sxwlqj lv uhihuuhg wr wkh Orv Dodprv h0sulqw dufklyh dw kwws=22du[ly1ruj

Uhihuhqfhv

^4` D1 Eduhqfr/ F1 K1 Ehqqhww/ U1 Fohyh/ G1 S1 GlYlqfhq}r/ Q1 Pdujroxv/ S1 Vkru/ W1 Vohdwru/
M1 D1 Vprolq/ K1 Zhlqixuwhu= Hohphqwdu| jdwhv iru txdqwxp frpsxwdwlrq1 Sk|vlfdo Uhylhz
D 85 +4<<8, 678: 0 679:1

^5` G1 Ghxwvfk= Txdqwxp wkhru|/ wkh Fkxufk 0 Wxulqj sulqflsoh dqg wkh xqlyhuvdo txdqwxp

frpsxwhu1 Surfhhglqjv ri wkh Ur|do Vrflhw| Orqgrq D 733 +4<;8, <: 0 44:1
^6` G1 Ghxwvfk= Txdqwxp frpsxwdwlrqdo qhwzrunv1 Surfhhglqjv ri wkh Ur|do Vrflhw| Orqgrq D

758 +4<;<, :6 0 <31
^7` D1 Hnhuw/ U1 Mr}vd= Txdqwxp frpsxwdwlrq dqg Vkru*v idfwrulqj dojrulwkp1 Uhylhzv ri Prg0

huq Sk|vlfv 9; +4<<9, :66 0 :861
^8` U1 S1 Ih|qpdq= Txdqwxp phfkdqlfdo frpsxwhuv1 Rswlfv Qhzv 44 +4<;8, 44 0 531 Uhsulqwhg

lq Ih|qpdq Ohfwxuhv rq Frpsxwdwlrq1 Hglwhg e| D1 M1 J1 Kh|/ U1 Z1 Doohq1 +Dgglvrq 0
Zhvoh| Sxeo1 Fr1/ Uhdglqj/ Pdvv1/ 4<<9,1

^9` M1 yrq Qhxpdqq= Pdwkhpdwlvfkh Juxqgodjhq ghu Txdqwhqphfkdqln +Vsulqjhu/ Ehuolq/
4<65,1 Pdwkhpdwlfdo Irxqgdwlrqv ri Txdqwxp Phfkdqlfv +Sulqfhwrq Xqlyhuvlw| Suhvv/
Sulqfhwrq/ Q1M1/ 4<88,1

^:` M1 Suhvnloo= Txdqwxp frpsxwlqj= sur dqg frq1 Lq= Surfhhglqjv ri wkh LWS Frqihuhqfh rq

Txdqwxp Frkhuhqfh dqg Ghfrkhuhqfh/ 4: Ghf1 4<<91
^;` M1 Suhvnloo= Txdqwxp Lqirupdwlrq dqg Txdqwxp Frpsxwdwlrq1 Ohfwxuh qrwhv 4<<; 0 4<<<1

kwws=22zzz1wkhru|1fdowhfk1hgx2�suhvnloo2sk55<

Srgvwdz| reolf}h�q nzdqwrz|fk1 F} �h�v�f L

Vwuhv}f}hqlh=

Duw|nx­ su}hgvwdzld srgvwdzrzh z­dvqr�vfl xn­dgöz nzdqwrzr0phfkdqlf}q|fk/ lvwrwqh god re0
olf}h�q nzdqwrz|fk1 Qdvw �hsxm �dfh srm �hfld v �d v}f}hjö­rzr rslvdqh= txelw/ vxshusr}|fmd vwdqöz/
srpldu/ vso �dwdqlh/ eudpnd nzdqwrzd/ rezög nzdqwrz|/ nzdqwrz| ndqd­ lqirupdf|mq|/ j �hvwh
nrgrzdqlh/ l lqqh1 Ur}zd
}d vl �h w|srzh eudpnl mhgqr0 l gzx0txelwrzh/ mdn uözqlh
} survwh
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